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Abstract 


This  research  deals  with  the  theoretical  prediction  of  the  effective  behavior  of  nonlinear 
composite  materials  undergoing  large  deformations.  In  particular,  applications  are 
envisaged  to  the  high-temperature  creeping  behavior  of  metal/metal,  metal/ceramic 
composites,  and  also  of  porous  materials.  Both  isotropic  and  anisotropic  configurations  are 
considered  including  the  technologically  important  case  of  fiber-reinforced  composites,  and 
the  fundamentally  important  case  of  polycrystalline  aggregates.  The  approach  is  based  on 
new  variational  principles  developed  recently  by  the  author  (under  AFOSR  sponsorship), 
which  allow  the  estimation  of  the  overall  behavior  of  a  given  nonlinear  composite  in  terms 
of  the  effective  properties  of  a  suitably  optimized  linear  comparison  composite  (with  the 
same  microstructure).  The  key  advantage  of  the  method  is  that  it  allows  direct  application  of 
the  extensive  literature  on  linear  composite  materials,  in  the  form  of  estimates  and  rigorous 
bounds,  to  obtain  corre.^ponding  results  for  nonlinear  composites.  Additionally,  the 
procedure  is  remarkably  simple  to  implement,  and  the  final  results  are  usually  expressed  in 
terms  of  finite-optimization  problems,  which  can  be  readily  solved  with  modest 
computational  effort.  Recent  progress  include  the  application  of  the  method  to  the 
determination  of  extremal  yield  surfaces  for  anisotropic  rigid/plastic  systems,  and  to  the 
computation  of  estimates  for  the  effective  yield  stress  of  polycrystalline  aggregates. 


Research  goals 


The  central  goal  of  this  project  is  to  estimate  the  effective  constitutive  properties  of 
nonlinear  composite  materials  undergoing  large  deformations.  Two  types  of  large 
deformations  are  of  particular  interest:  large  elastic  deformations,  corresponding  to 
materials  such  as  polymeric  composites,  rubber  foams  and  solid  rocket  fuel  composites; 
and  large  viscous  deformations,  corresponding  to  the  high-temperature  creeping,  or  to  the 
dynamic  plastic,  deformation  of  metals.  The  main  emphasis  for  the  funding  period  was  to 
concentrate  on  the  effective  behavior  of  anisotropic  viscoplastic  composites.  The  effect  of 
anisotropy  is  considered  both  globally  and  locally.  Thus,  the  effect  of  isotropic  inclusions 
of  different  shapes  on  the  global  anisotropy  of  the  composite  is  considered,  as  well  as  the 
effect  of  local  anisotropic  behavior  for  the  inclusions.  Examples  of  the  results  obtained  are 
prediction  for  the  effective  constitutive  relations  for  fiber-reinforced,  metal-matrix 
composites  and  estimates  for  the  yield  strength  of  isotropic  polycrystalline  aggregates  of 
anisotropic  single  ductile  crystals. 
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BACKGROUND 


There  is  a  fairly  recent,  but  growing  literature  in  the  field  of  composite  materials  that  is 
concerned  with  the  prediction  of  the  effective  behavior  of  nonlinear  composites.  To  date 
most  of  the  work  on  the  subject  has  made  use  of  ad  hoc  models  for  certain  classes  of 
composites,  as  well  as  of  heavy  numerical  computations  for  composites  with  periodic 
microstructures.  For  example,  Duva  and  Hutchinson  [11]  determined  dilute  estimates  for 
porous  creeping  composites  by  making  use  of  the  results  of  Budiansky,  Hutchinson  and 
Slutsky  [4]  for  a  single  void  in  an  infinite  matrix  of  power-law  viscous  material.  Duva  [10] 
proposed  a  differential  self-consistent  estimate  to  model  the  reinforcing  effect  of  rigid 
particles  in  a  power-law  creeping  matrix.  More  recently,  Bao,  Hutchinson  and  McMeeking 
[2]  proposed  generalized  self-consistent  estimates  for  the  yield  stress  of  two-phase, 
rigid/perfectly  plastic  composites.  On  the  other  hand,  Christman,  Needleman  and  Suresh 
[5]  and  Bao,  Hutchinson  and  McMeeking  [1]  carried  out  computations  on  the  unit  cell  of  a 
periodic  microstructure  to  model  the  effect  of  particle  size  and  shape  on  the  effective 
behavior  of  rigidly  reinforced  power-law,  metal-matrix  composites. 

As  far  as  rigorous  methods  for  estimating  the  effective  behavior  of  composites  with 
random  microstructures  (real  composite  materials  are  hardly  periodic),  the  only  method 
available  until  recently  was  the  Talbot  and  Willis  [27]  extension  of  the  Hashin-Shtrikman 
variational  principles  [14]  to  composites  with  nonlinear  behavior.  Ponte  Castaneda  and 
Willis  [26]  applied  this  procedure  to  nonlinearly  viscous  materials,  and  gave  the  first 
rigorous  bounds  and  self-consistent  estimates  for  the  effective  properties  of  composites  in 
power-law  creep.  Later,  Ponte  Castaneda  [17]  developed  corresponding  bounds  in  the 
context  of  finite  elasticity.  Recently,  under  the  sponsorship  of  AFOSR,  Ponte  Castaneda 
[18]  developed  a  new  general  method  for  estimating  and  bounding  the  effective  behavior  of 
nonlinear  composites.  The  method  expresses  the  effective  behavior  of  nonlinear  composites 
in  terms  of  an  optimization  problem  involving  the  effective  behavior  of  linear  composites 
materials  with  similar  microstructures.  This  is  very  useful  because  of  the  large  body  of 
results  in  the  form  of  bounds  and  estimates  of  different  types  that  are  currently  available  for 
linear  composites.  In  particular,  the  linear  Hashin-Shtrikman  [14]  bounds  may  be  used  to 
generate  corresponding  nonlinear  bounds.  The  method  and  some  of  its  applications  to 
specific  types  of  composites  are  discussed  in  the  following  sections. 


ACCOMPLISHMENTS 

Introduction 

In  this  section,  we  give  a  brief  account  of  the  theoretical  foundations  of  the  new  variational 
method  that  has  been  developed  by  the  author  to  predict  the  effective  behavior  of  nonlinear 
composites  [18,19,20].  In  addition,  we  give  sample  applications  to  isotropic  two-phase 
creeping  composites  and  to  two-phase  rigid-perfectly  plastic  laminated  composites.  In 
particular,  we  note  that  our  results  for  simple  two-phase,  power-law  creep  composites 
compare  very  favorably  with  the  results  of  other  authors  obtained  by  means  of 
sophisticated  large-scale  computations  for  periodic  composites.  Our  results  also  have  the 
advantage  that  they  can  often  be  given  simple  analytical  forms.  For  example,  we  have  been 
able  to  obtain  an  improved  characterization  of  porous  isotropic  and  transversely  isotropic 
materials;  in  fact,  because  of  the  bounding  properties  of  our  results,  we  are  able  to  show 
that  the  commonly  used  Gurson  [12]  model  is  not  appropriate  outside  the  range  of  dilute 
porosity  and  high-triaxiality  for  which  it  was  originally  developed  [22].  Similarly,  we  have 
been  able  to  obtain  yield  surfaces  for  isotropic  and  transversely  isotropic  composites  with 
rigid/perfectly  plastic  phases.  These  yield  surfaces  have  the  features  (flat  sectors)  predicted 
qualitatively  by  Hashin  [13]  and  others.  Other  particular  systems  are  considered  in  detail  in 
the  references. 

For  the  convenience  of  the  reader,  the  relevant  references  are  included  in  the  Appendix. 
Reference  [20]  deals  with  the  development  of  the  new  variational  principles  first  studied 
(under  prior  AFOSR  sponsorship)  in  [18].  In  addition,  bounds  of  the  Hashin-Shtrikman 
type  are  given  for  general  multiphase  ductile  composites  with  local  and  overall  isotropy. 
The  expression  for  the  bounds  given  in  this  reference  is  extremely  simple  involving  finite¬ 
dimensional  optimization  problems.  Also  in  this  reference,  nonlinear  bounds  of  the  Reran 
type  are  given  for  the  first  time  for  multiphase  incompressible  composites  with  isotropic 
phases.  Applications  to  viscoplastic  composites  with  isotropic  phases,  but  anisotropic 
overall  behavior  is  summarized  in  reference  [21].  More  detail  results  are  given  in  [6]  for 
laminated  ductile  composites,  in  [7]  for  elastoplastic  fiber-reinforced  composites,  and  in 
[16]  for  ductile  composites  with  distributions  of  aligned  rigid  spheroidal  inclusions.  In 
references  [8,  25],  effective  yield  surfaces  are  determined  for  rigid-perfectly  plastic 
composites  with  overall  isotropic,  laminated  and  fiber-reinforced  microstructures.  Finally, 
reference  [23]  deals  with  a  mathematical  proof  of  the  variational  principle  in  the  context  of 
electrostatics,  and  reference  [24]  deals  with  the  application  of  the  variational  principles  to 
ferroelectric  (or  ferromagnetic)  composites. 


The  last  part  of  the  work,  which  is  not  yet  completed,  includes  the  extension  of  the  method 
to  composites  with  anisotropic  phases,  such  as  polycrystalline  aggregates.  For  this  special 
class  of  composite  materials,  upper  bound  estimates  of  the  Voigt  type,  as  well  as  self- 
consistent  estimates,  are  available  through  the  classical  works  of  Bishop  and  Hill  [3]  and 
Hutchinson  [15].  We  seek  to  improve  on  these  results  by  computing  upper  bound  estimates 
of  the  Hashin-Shtrikman  type  [14].  The  results  will  be  reported  in  [9] 


The  method 


Effective  properties 

Consider  a  two-phase  heterogeneous  material  occupying  a  region  in  space  of  unit  volume 
Q.  We  characterize  the  local  stress  potential  0(a,x)  of  the  material  in  terms  of  the 
homogeneous  phase  potentials  via  the  relation 

((,iO,x)  =  Y,X''\x)(l>^'\<5),  (1) 

r=l 

where  the  (r  =  1,  2)  are  the  characteristic  functions  of  the  two  phases.  We  will  assume 
that  the  two  phases  are  nonlinear,  incompressible  and  isotropic,  so  that  the  potentials 
depend  only  on  the  effective  stress  cr,  =-yjjS-S,  where  S  is  the  deviator  of  a. 

Thus,  we  write 

=  (2) 

where  the  scalar-valued  functions  are  assumed  to  satisfy  some  rather  weak  hypothesis. 
For  example,  may  be  chosen  to  have  the  power-law  form 

1 


/«.,)  =  — e.cr, 


n+1 


(3) 


with  n,  and  denoting  material  constants  with  different  values  in  each  phase. 

The  local  constitutive  relation  for  the  creeping  material  is  given  by 

e  =  -^(a,x),  (4) 

des 

where  e  is  the  rate-of-deformation  (strain-rate)  tensor. 

Letting  E  and  E  denote  the  average  values  of  the  stress  and  strain-rate  fields, 
respectively,  the  effective,  or  overall,  behavior  of  the  heterogeneous  creeping  material  is 
given  by  the  relation 


E  = 


dL' 


(5) 


where  the  effective  energy  of  the  composite  <I>  follows  from  the  principle  of  minimum 
complementary  energy,  which  can  be  stated  in  the  form 

<X>(X)=  min  {<p(<5,x)dx,  (6) 

acS(£)jQ 

where  S(L)  =  {olcr»  ^  =  0  in  £2,  and  a-jtij  =  on  (9£2}  is  the  set  of  statically  admissible 
stresses. 

In  this  work,  we  are  interested  in  predicting  the  effective  behavior  of  two-phase 
heterogeneous  materials,  as  described  above.  We  further  restrict  our  consideration  to 
composites  with  phases  in  given  volume  fractions 

(7) 

JQ 


New  variational  principles 


The  new  variational  principles  [18,  19,  20]  are  based  on  a  representation  of  the 
potential  for  the  nonlinear  isotropic  material  in  terms  of  the  potentials  of  a  family  of  linear 
comparison  materials.  This  representation  is  obtained  with  the  help  of  the  Legendre 
transformation.  Thus,  for  a  homogeneous  nonlinear  material  with  "superquadratic"  growth 
in  its  potential  (f>,  and  certain  additional  convexity  hypothesis,  we  have  that 


0(a,x)  =  max{0^(CT,x)-V(;t,x)},  (8) 

H>0 


where 

V(/z,x)  =  max{^,(a,x)-0(a,x)}  (9) 

<r 


and  where  <l>„  is  the  potential  of  a  linear  comparison  material  with  shear  modulus  p. .  Note 
that  in  the  above  optimizations,  the  position  vector  x  is  fixed. 

The  new  variational  principle  is  obtained  by  averaging  the  relation  (8)  and  the 
complementary  energy  principle  (6) ,  and  can  be  expressed  in  the  form 


d>(X)  =  max 


O,(X)-Jv0/,x)d[x  , 
I  Q 


(10) 


where 

<I>„(X)=  nun  f0„(a,x)dx  (11) 

ae5(£)J 

n 

is  the  effective  potential  of  a  linear  heterogeneous  comparison  material  with  local  potential 
and  arbitrarily  variable  shear  moduli  p(x) . 

The  variational  principle  described  by  (10)  and  (11)  can  be  given  the  interpretation  of 
first  solving  a  linear  problem  for  an  arbitrarily  heterogeneous  linear  material,  and  then 
optimizing  with  respect  to  the  variations  in  moduli  to  account  for  the  nonlinearity  in  the 


actual  material.  This  suggests  that  if  the  Helds  happen  to  be  constant  over  the  nonlinear 
phases  in  the  actual  composite,  then  the  variable  moduli  ^(x)  can  be  replaced  by  constant 
moduli  over  each  phase,  i.e.  by  and  in  phase  1  and  phase  2,  respectively.  More 

generally,  however,  we  have  the  following  lower  bound  for  O,  namely, 

d)_(2:)=  max  (12) 

where  and  correspond  to  relation  (9)  evaluated  for  each  of  the  homogeneous 
phase  potentials  0*'*  and  and  <I>^  is  the  effective  energy  of  an  isotropic  two-phase 
linear  composite  with  phase  moduli  and  in  volume  fractions  c^‘^and 
respectively.  This  latter  expression  has  the  advantage  over  the  previous  more  general 
relation  that  it  involves  only  a  finite-dimensional  optimization  problem,  and  can  be  further 
used  in  conjunction  with  bounds  and  estimates  for  the  linear  composite  to  induce 
corresponding  results  for  the  nonlinear  composite.  We  illustrate  these  possibilities  in  the 
next  section  for  a  general  two-phase  incompressible  composite. 


Sample  application  to  two-phase  creeping  systems 

The  estimate  (12)  of  the  previous  section  for  the  effective  energy  of  the  nonlinear 
incompressible  composite  can  be  used  in  conjunction  with  the  well-known  Hashin- 
Shtrikman  bounds  for  the  effective  properties  of  the  linear  comparison  composite  to  yield 
estimates  for  the  effective  potential  of  the  nonlinear  composite.  It  is  shown  in  reference  [20] 
that  the  result  of  this  calculation  takes  on  the  simple  form 

^„,(X)  =  min{c»>r>(S<”)-hc<^>/‘^>(S^^>)},  (13) 

where  and  characterize  the  phase  behaviors,  and  5^’^  and  are  simple 
expressions  of  (o  involving  the  phase  volume  fractions  and  and  the  overall 
effective  stress  applied  to  the  composite  X,.  For  instance,  if  >  |X^^^  and  the  Hashin- 
Shtrikman  lower  bound  is  used  for  the  corresponding  expressions  for  5^”  and 
become 

and  =  (H-c">xo)X,  (14) 

Depending  on  the  relative  strengths  of  the  two  nonlinear  potentials  and 
the  result  of  putting  (14)  into  (13)  would  either  lead  to  a  rigorous  lower  bound  for  the 
nonlinear  potential  <I>,  or  alternatively,  to  an  upper  "estimate"  for  ^>.  Other  examples  are 
detailed  in  the  Appendices. 


Sample  application  to  two-phase  rieid-perfectlv  plastic  laminated  composite 


The  above  method  [20]  for  estimating  the  effective  behavior  of  nonlinear  composites  has 
been  extended  recently  to  predict  the  effective  strength  of  rigid-perfectly  plastic  composites 
[25].  An  sample  result  is  given  in  Figure  1,  where  the  overall  yield  strength  domain  of  a 
laminated  composite,  made  up  of  two  phases  with  simple  incompressible,  isotropic  yield 
criteria  (of  the  Mises  type),  is  plotted  as  a  function  of  the  two  independent  stress  modes: 
longitudinal  shear  (Xn)  and  combinations  of  axisymmetric  and  transverse  shear  (Xj) 
(relative  to  the  perpendicular  direction  to  the  layers).  We  note  that  the  region  of  stress  space 
described  by  the  new  exact  estimate  is  significantly  greater  than  the  so-called  "quadratic 
interpolation"  of  Hill  (a  quadratic  interpolation  between  the  arithmetic  mean  of  the  strength 
of  the  two  phases  and  the  strength  of  the  weaker  phase).  In  addition  the  new  exact  estimate 
has  the  feature  that  it  possesses  a  flat  sector  (see  [13]).  This  is  indicative  of  the  severe 
anisotropies  that  may  arise  in  highly  nonlinear  composites. 


Figure  1.  Estimates  for  the  failure  strength  of  a  laminated  composite,  where  the  phases  have  a  strength  ratio 
^(1)  _  2  equal  volume  fractions  c*'*  =  =  0.5.  Tlie  continuous  curve  corresponds  to  the  new  exact 

estimates;  the  long-dash  curve  to  the  quadratic  interpolation  of  Hill;  and  the  top  and  bottom  short-dash  curves  to 
Bishop-Hill-type  of  estimates,  respectively. 


RESEARCH  PLANS  FOR  THE  FUTURE 


After  completing  our  study  of  the  effective  behavior  of  polycrystalline  aggregates,  we  will 
begin  a  new  study  of  damage  localizations  in  composites,  which  may  arise  because  of  the 
finite  kinematics,  or  alternatively  through  thermomechajiical,  or  other  micro-mechanisms. 
These  are  important  in  the  development  of  realistic  models  for  the  behavior  of  composite 
materials,  as  discussed  in  the  recent  "Panel  Discussion  on  Homogenization  and  Damage 
Localization  in  Heterogeneous  Media"  in  last  year’s  Contractors  Meeting  on  Mechanics  of 
Materials  (Dayton,  October  1991).  Thus,  we  are  in  the  process  of  writing  a  proposal  for 
AFOSR  sponsorship  of  this  new,  but  closely  related  project 
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is  quite  appropriate  in  plasticity  since  the  plastic  strain  is  usually  taken  to  be  traceless  ko(x)  =  ^  x'''(x|k''|)''.  (4.6) 

(incompressible),  so  that  the  compressible  part  of  the  constitutive  relation  is  due  only  '- ' 

to  the  elastic  strain,  and  is  hence  linear  (corresponding  to  a  quadratic  potential).  where  «);’  =  k'''. 

Thus.  K  "  is  the  (elastic)  bulk  modulus  of  phase  r,  and  characterizes  the  total  shear  It  follows  from  this  discussion  that 
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Variational  priiiciplei  in  plasticity 
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EFFECTIVE  ANISOTROPIC  PROPERTIES  OF  CREEPING  COMPOSITES 
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ABSTRACT 

A  recently  developed  variational  principle  for  estimating  the  effective  properties  of  nonlinear 
composites  in  terms  of  the  corresponding  properties  of  linear  composites  with  the  same 
microstructural  distributions  of  phases  is  applied  to  two  model  anisotropic  composite  materials. 
The  model  materials  considered  are  laminatkl  materials  and  fibre-reinforced  materials,  and  they 
correspond  in  the  dilute  limit  of  the  inclusion  phase  to  materials  reinforced  by  aligned  platelets 
and  fibers,  respectively.  For  simplicity,  the  power  exponent  of  one  of  the  phases  will  be  taken 
to  be  unity  corresponding  to  linear  behavior,  while  the  other  phase  will  assumed  to  satisfy  a 
pure-power  creeping  law.  Both  phases  will  be  assumed  to  be  isotropic  and  incompressible. 


INTRODUCTION 

A  new  procedure  for  estimating  the  effective  properties  of  composite  materials  with  phases 
exhibiting  nonlinear  constitutive  behavior  has  been  proposed  recently  by  Ponte  Castaneda  [6]. 
The  straightforward  and  versatile  procedure  expresses  the  effective  properties  of  the  nonlinear 
composite  in  terms  of  the  effective  properties  of  a  family  of  linear  composites  with  the  same 
distribution  of  phases  as  the  nonlinear  composite.  Thus,  Iwunds  and  estimates  for  the  effective 
properties  of  linear  composites  can  be  translated  directly  into  bounds  and  estimates  for  the 
corresponding  nonlinear  composite.  Appropriate  references  for  the  linear  theory  of  composites 
are  provided  by  the  works  of  Christensen  [1].  The  new  procedure  was  applied  in  the  above 
reference  [6]  to  composite  materials  containing  a  nonlinear  isotropic  matrix  either  weakened  or 
reinforced  by  isotropic  distributions  of  voids  or  rigid  particles,  respectively.  The  case  of  a 
ductile  matrix  reinforced  by  incompressible  elastic  particles  was  studied  in  [7].  The  results  of 
these  studies  were  given  in  the  form  of  estimates  and  rigorous  bounds  for  the  effective 
properties  of  such  materials.  The  Hashin-Shtrikman  bounds  obtained  via  the  new  method 
directly  from  the  Hashin-Shtrikman  [3]  bounds  for  the  linear  comparison  material  were  found 
to  be  an  improvement  over  the  corresponding  bounds  obtained  in  [8]  for  the  same  class  of 
nonlinear  materials  using  the  nonlinear  extension  of  the  Hashin-Shtrikman  variational  principle 
[3]  proposed  by  Talbot  and  Willis  [9].  Recently,  however,  Willis  [11]  has  shown  that  the 
bounds  obtained  via  the  new  method  can  also  be  obtained  by  the  Tall^t-Willis  method  with  a 
better  choice  of  their  comparison  material.  More  generally,  the  new  procedure  can  make  use  of 
other  bounds  and  estimates  for  the  linear  comparison  material  to  yield  corresponding  bounds 
and  estimates  for  nonlinear  materials.  In  fact,  the  new  procedure  can  be  shown  [2]  to  yield 
exact  results  for  nonlinear  composites  with  special  microstructures. 

In  this  paper,  we  apply  the  new  procedure  to  composite  materials  containing  a  creeping 
phase  of  the  power-law  type  and  a  linearly  creeping  phase.  Although  the  phases  will  be 
assumed  to  be  isotropic,  the  composite  itself  will  be  assumed  to  be  anisotropic  by  identifying 


preferred  orientations  in  the  microstructural  distribution  of  the  phases.  Two  examples  will  be 
considered,  both  of  which  have  transversely  isotropic  overall  symmetries:  laminat^  materials 
and  fibre-reinforced  materials.  The  first  class  of  materials  can  be  given  the  interpretation  of 
materials  reinforced  by  aligned  platelets  for  dilute  concentrations  of  the  linear  phase;  whereas, 
the  second  class  of  materials  can  be  given  the  interpretation  of  materials  reinforced  by  short 
fibers  for  dilute  concentrations  of  the  linear  phase.  For  simplicity,  we  assume  that  the  phases 
are  incompressible  and  perfectly  bonded  to  each  other.  In  the  next  three  sections,  we  will  give, 
respectively,  a  brief  definition  of  effective  properties,  an  introduction  to  the  new  variational 
principle  of  [6],  and  application  of  the  principle  to  the  two  classes  of  materials  discussed 
above.  More  detailed  studies  including  specific  results  for  the  nonlinear  laminates  and  fiber- 
reinforced  materials  can  be  found  in  [2]  and  [5],  respectively. 


EFFECTIVE  PROPERTIES 

C. -insider  a  two-phase  composite  occupying  a  region  of  unit  volume  Q,  such  that  the  local 
stress  potential  t/(a,x)  is  expressed  in  terms  of  the  homogeneous  phase  potentials  via 

U(a,x)  =  '^x''\x)U^'\a),  (1) 

r=l 

where  is  the  characteristic  function  of  phase  r.  The  phases  are  assumed  to  be 
incompressible  and  isotropic,  so  that  the  potentials  can  be  assumed  to  depend  only  on 


the  effective  stress  O’,  =  ■^fS-S ,  where  S  is  the  deviator  of  O.  Thus,  we  write 

f/''^(o)  =  /^'^’(cr,),  where  the  are  scalar-valued  functions.  Then,  the  local  constitutive 
relation  for  the  creeping  material  is  given  by 

3r  r 

D  =  |^(a,x),  (2) 

where  D  is  the  rate-of-deformation  (strain-rate)  tensor. 

To  define  the  effective  properties  of  the  heterogeneous  material  we  introduce,  following 
Hill  [4],  a  uniform  constraint  boundary  condition 

an  =  an,  xe^,  (3) 

where  denotes  the  boundary  of  the  composite,  n  is  its  unit  outward  normal,  and  o  is  a 
given  constant  symmetric  tensor.  It  follows  that  the  average  stress  is  precisely  a,  and  we 

d^ne  the  average  strain-rate  D  in  a  similar  manner. 

Then,the  effective  behavior  of  the  composite,  or  the  relation  between  the  average  stress  and 
the  average  strain-rate  follows  from  the  principle  of  minimum  complementary  energy,  which 
can  be  stated  in  the  form 

U(a)=  min  f[/(a,x)dV,  (4) 

o«5(o)Jq 

where  S(a)  =  (olcx-j  j  =  0  in  12,  and  cr-j/tj  =  on  is  the  set  of  statically  admissible 
stresses,  and  where  we  have  assumed  convexity  of  the  nonlinear  potential  (/(ct,x).  Thus, 
assuming  that  U (a)  is  differentiable,  we  have  that 


D  =  -^(o,x). 

d<5 


(5) 


The  task  will  be  to  determine  bounds  and  estimates  for  U(a),  which  is  known  to  be  convex. 


NONLINEAR  VARIATIONAL  PRINCIPLES 


A  new  variational  principle  for  determining  bounds  and  estimates  for  the  effective  properties  of 
nonlinear  composites  in  terms  of  the  effective  properties  of  linear  composites  was  proposed  by 
Ponte  Castaneda  [6].  In  this  section,  we  specialize  this  result  for  the  case  where  both  phases 
are  incompressible,  and  phase  2  is  linear  so  that 


U^^\a)  =  - 


6/t 


(2) 


The  new  variational  principle  is  based  on  a  representation  of  the  potential  of  the  nonlinear 
material  in  terms  of  the  potentials  of  a  family  of  linear  comparison  materials.  Thus,  for  a 

homogeneous  nonlinear  material  with  "stronger  than  quadratic"  growth  in  its  potential,  U(a), 
and  certain  additional  convexity  hypothesis,  we  have  that 


U(a)  =  m2x{U„(a)-V(jn)}  ,  (6) 

ft>0 

where 

V(p)  =  max[U,ia)-U(a)}  (7) 

a 

and  where  1/^(0)  is  the  potential  of  a  linear  comparison  material  with  shear  modulus  p. . 

The  new  variational  principle  is  obtained  by  making  use  of  relation  (6)  applied  to  the 
nonlinear  phase  1  in  the  complementary  energy  principle  (4)  to  obtain  the  following  relation  for 
the  nonlinear  composite 

where 


0^0)=  imn  f  (9) 

o«J(o)  Jq 

is  the  effective  potential  of  a  linear  comparison  material  with  local  potential  f/„(a,x)  and  shear 
moduli  and  in  phases  1  and  2,  respectively.  Further,  we  note  that,  in  general,  the 
comparison  moduli  are  functions  of  x. 

TTie  variational  principle  described  by  (8)  roughly  corresponds  to  solving  a  linear  problem 
for  a  heterogeneous  material  with  arbitrary  moduli  variation  within  the  nonlinear  phase,  and 
then  optimizing  with  respect  to  the  variations  in  moduli  within  the  nonlinear  phase.  Thus,  the 
nonlinear  material  can  be  thought  of  as  a  "linear"  material  with  variable  moduli  that  are 
determined  by  prescription  (8)  in  such  a  way  that  its  properties  agree  at  each  x  with  those  of  the 
nonlinear  material.  This  suggests  that  if  the  fields  happen  to  be  constant  over  the  nonlinear 

phase,  then  the  variable  moduli  can  be  replaced  by  constant  moduli  p^'\  More 

generally,  however,  we  have  the  following  lower  bound  for  U(o),  namely, 

f7_(a)  =  max{{7„(o)  -  (//"’)},  (10) 

where  is  the  volume  fraction  of  phase  1. 


APPLICATION  TO  LAMINATES 


In  this  section,  we  summarize  from  reference  [2]  the  results  of  applying  the  new  variational 
principle  to  a  laminated  material.  For  this  geometry,  it  is  well  known  that  the  stress  and  strain 

fields  take  on  different  constant  values  within  each  phase.  This  suggests  that  taking  to  be 
constant  within  the  nonlinear  phase  will  lead  to  an  exact  result  as  given  by  (8)  or  (10)  (in  this 

case  U  and  U_  are  identical).  The  key  ingredient  in  this  development  is  the  exact  result  for  the 
effective  potential  of  the  linear  laminate.  This  result  can  be  expressed  in  the  form 

where  t„,  t^,  (r„  and  are  the  transversely  isotropic  invariants  of  the  stress  tensor 
corresponding  respectively  to  the  out-of-plane  tensile,  in-plane  hydrostatic,  out-of-plane  shear 

and  in-plane  shear  stresses.  Also,  Ji  and  fi  stand,  respectively,  for  the  Voigt  and  Reuss 
estimates  of  the  shear  modulus. 

Application  of  this  result  into  the  new  variational  principle  can  then  be  shown  to  lead  to  the 
following  simple  expression  for  the  effective  energy  of  the  laminate 

U(G)  =  nun{c<“/'>(5“^)  +  c‘V'’(5‘^>)},  (12) 


where  5"^  and  are  functions  of  O)  given  by  the  relations  5“'  ^ 

and  5'^^  =  ^(l- 

Analogous  forms  can  be  derived  for  the  fibre-reinforced  material,  except  that  for  this 
geometry,  the  effective  energy  cannot  be  given  explicitly  by  (8),  but  only  characterized  in  the 
form  of  bounds  by  means  of  (10).  Detailed  results  of  these  calculations  are  given  in  [5],  where 
they  are  also  compared  to  the  results  of  Talbot  and  Willis  [10]  for  the  same  microstructure 
using  the  Talbot-Willis  variational  principle.  Finally,  both  types  of  results  can  be  averaged  over 
all  possible  orientations  to  yield  results  depicting  approximately  the  effect  of  inclusion  shape  on 
the  effective  properties  of  isotropic  composites. 
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Abstract — A  laminated  material  is  one  of  the  few  composite  systems  for  which  the  effective  consti¬ 
tutive  behavior  can  be  determined  exactly.  This  is  well  known  for  laminated  composites  with  linearly 
elastic  phases  in  prescribed  volume  fractions.  For  these  composites,  explicit  expressions  for  the 
effective  moduli  have  been  available  for  at  least  30  years.  However,  it  appears  that  corresponding 
expressions  for  the  effective  energy  functions  of  laminated  composites  with  phases  exhibiting 
nonlinear  constitutive  behavior  are  currently  unavailable.  In  this  paper,  we  make  straightforward 
use  of  a  new  variational  procedure,  recently  developed  by  one  of  the  authors,  to  obtain  simple 
expressions  for  the  effective  energy  functions  of  laminated  composites  with  isotropic  ductile  pha^ 
in  prescribed  volume  fractions.  The  same  expressions  are  given  an  alternative  derivation,  starting 
directly  from  the  classical  variational  principles.  Explicit  results  are  then  computed  for  ductile/brittle 
systems,  such  as  aluminum/alumina  laminates,  and  also  for  laminated  composites  made  up  of  two 
perfectly  plastic  phases  with  different  yield  stresses.  The  results — which  are  representative  of  other 
anisotropic  geometries,  such  as  fiber-reinforced  solids — exhibit  a  strong  coupling  between  different 
loading  modes  that  is  enhanced  by  material  nonlinearity. 


I.  INTRODUCTION 

This  work  is  concerned  with  the  determination  of  the  effective  constitutive  behavior  of 
laminated  composite  materials  with  plastically  deforming  phases  in  prescribed  volume 
fractions.  We  will  deal  with  the  exact  effective  behavior  of  such  materials,  and  therefore, 
we  will  exclude  from  our  consideration  the  so-called  approximate  theories  of  laminated 
plates  (Christensen,  1979).  In  the  context  of  linear  elasticity,  laminated  composites  have 
been  studied  extensively  in  the  literature.  Postma  (1955)  and  White  and  Angona  (1955) 
concerned  themselves  with  the  study  of  two-phase,  periodic  laminates  in  connection  with 
wave  propagation  in  stratified  media.  Backus  (1962)  extended  their  results  to  multi-phase, 
nonperiodic  composites,  again  in  the  wave  propagation  context.  The  extension  to  aniso¬ 
tropic  layers  was  considered  by  Walpole  (1969)  for  aligned,  transversely  isotropic  phases, 
and  by  Chou  ei  al.  (1972)  and  Pagano  (1974)  for  more  general  anisotropy  of  the  phases. 
Recently,  Norris  (1991)  has  developed  alternative  expressions  for  the  effective  moduli  tensor 
of  laminated  composites  with  generally  anisotropic  phases,  exploiting  the  interior  and 
exterior  projection  tensors  of  Hill  (1972,  1983).  Other  related  works  include  iterative 
formulae  developed  by  Francfort  and  Murat  (1986)  in  the  context  of  linear  elasticity 
allowing  simple  expressions  for  the  effective  moduli  of  multi-sandwich  structures  (laminates 
embedded  within  laminates  of  different  orientations).  These  microstructures  are  of  theor¬ 
etical  value  in  the  demonstration  of  the  optimality  of  bounds  for  the  effective  properties  of 
composite  materials  with  more  general  microstructures  [see  K.ohn  (1987)  and  Lipton 
(19? lb)].  In  spite  of  the  large  level  of  activity  for  linear  laminates,  briefly  summarized 
above,  the  theory  of  nonlinear  laminated  composites  does  not  seem  to  have  been  developed 
very  much.  To  the  knowledge  of  the  authors,  the  only  work  thus  far  in  this  direction  is  a 
generalization  of  the  Francfort-Murat  formula  for  simple  laminated  materials  with  one 
nonlinear  phase  and  one  linear  phase  due  to  Kohn  (19W)  and  Milton  (1990).  Nonlinear 
results  do  exist,  however,  within  the  context  of  the  approximate  laminated  plate  theories. 

The  justification  of  the  study  of  nonlinear  laminated  composites  may  be  partially 
understood  in  terms  of  the  following  considerations.  First,  it  is  a  configuration  of  practical 
importance :  for  instance,  the  use  of  linear  laminated  theories  in  geophysical  applications 
is  well  known,  but  it  is  also  known  that  the  properties  of  the  materials  composing  the 
surface  of  the  Earth  may  exhibit  nonlinear  constitutive  behavior,  particularly,  deep  within 
the  surface,  where  the  materials  a  .  subject  to  large  compressive  stresses.  Second,  we  will 
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find  that  the  laminated  microstructure  is  illustrative  of  the  significant  coupling  that  may 
arise  in  nonlinear,  anisotropic  materials  between  different  loading  modes.  This  nonlinear 
coupling  is  also  observed  in  other  more  complex  microstructures,  such  as  fiber-reinforced 
composites.  Third,  the  laminated  microstructure  corresponds  to  the  simplest  possible  type 
of  anisotropic  composite  with  nonlinear  phases,  in  the  sense  that  exact  results  may  be 
obtained  for  its  effective  properties,  as  will  be  shown  herein.  In  this  connection,  the  present 
work  should  be  considered  in  the  light  of  a  research  program  attempting  to  characterize 
the  effective  properties  of  nonlinear  composites  in  general.  Thus  far,  methods  have  been 
developed  for  understanding  the  effective  behavior  of  nonlinear  composites  by  Talbot  and 
Willis  (1985),  and  by  Ponte  Castaneda  (1991a,  1992).  These  methods,  although  different  in 
essence,  can  be  shown  to  yield  exactly  the  same  results  in  some  cases,  but  the  new  method 
is  more  general  than  the  first  in  that  it  can  be  used  to  obtain  estimates  other  than  Hashin- 
Shtrikman  bounds  and  self-consistent  estimates  [see  Willis  (1991)  and  Ponte  Castaneda 
(1992)].  Bounds  and  estimates  for  the  effective  properties  of  nonlinear  composites  with 
isotropic  overall  symmetries  have  been  obtained  by  Ponte  Castaneda  and  Willis  (1988), 
and  Willis  (1989)  making  use  of  the  Talbot-Willis  method,  and  by  Ponte  Castaneda 
( 1 99 1  a.  b)  making  use  of  the  new  method.  Results  for  fiber-reinforced  composites  have  also 
been  developed  very  recently  by  Talbot  and  Willis  (1991),  and  by  Ponte  Castaneda  (1992) 
and  deBotton  and  Ponte  Castaneda  (1992). 

The  rest  of  the  paper  is  structured  as  follows.  In  Section  2  the  definition  of  effective 
properties  is  reviewed,  and  their  variational  characterization  is  given  in  terms  of  both  the 
classical  and  new  variational  principles  of  Ponte  Castaneda  (1991a.  1992).  In  Section  3 
general  nonlinear  laminated  composites  are  considered,  and  general  formulae  are  derived 
in  Sections  4  and  5  for  the  effective  properties  of  incompressible  and  compressible  laminates, 
respectively.  Additionally,  in  Section  6,  more  specific  results  are  given  for  two-phase  lami¬ 
nates.  In  particular,  the  cases  of  ductile  materials  reinforced  by  linearly  elastic  layers,  and 
of  laminates  with  two  perfectly  plastic  phases  are  considered.  Finally,  some  additional 
relevant  results  are  given  in  four  appendices;  in  particular,  in  Appendix  IV,  an  alternative 
derivation  is  given  of  the  results  of  Sections  4  and  5  using  the  classical  variational  principle. 

2.  EFFECTIVE  PROPERTIES  AND  THEIR  VARIATIONAL  CHARACTERIZATION 

In  this  section,  we  are  interested  in  the  characterization  of  the  effective,  or  overall, 
constitutive  behavior  of  composites  materials  with  plastically  deforming  phases.  For  our 
purposes,  a  composite  is  a  heterogeneous  material  with  two  distinct  length  scales:  one 
macroscopic,  L,  describing  the  gross  size  of  the  specimen  and  the  scale  of  variation  of  the 
applied  loading  conditions,  and  a  microscopic  scale,  /,  characterizing  the  size  of  the  typical 
inhomogeneity,  such  that  / «  L.  More  precise  definitions  can  be  found  in  the  review  article 
by  Kohn  (1987). 

For  simplicity,  the  constitutive  behavior  of  the  phases  will  be  characterized  by  the 
deformation  theory  of  plasticity,  or  equivalently  by  nonlinear  infinitesimal  elasticity.  How¬ 
ever,  with  minor  changes  in  notation,  the  results  of  the  analyses  of  this  paper  will  also  be 
relevant  to  the  high-temperature  creeping  behaviour  of  composite  laminates.  Additionally, 
the  results  can  be  used  in  an  approximate  fashion  to  suggest  yield  functions  for  laminated 
composites  in  the  context  of  the  incremental  theory  of  plasticity,  as  suggested  by  Duva  and 
Hutchinson  (1984),  and  other  investigators. 

In  the  following  description  of  effective  properties,  the  composite  is  assumed  to  occupy 
a  domain  of  unit  volume  £2,  with  boundary  d£2.  Then,  the  nonlinear  plastic  behavior  of  the 
composite  is  characterized  by  means  of  a  complementary-energy  density  function.  U{x,o), 
depending  on  the  position  vector  x  and  the  stress  field  a(x),  in  such  a  way  that  the  strain 
field  e(x)  is  given  by 


«(x)  = 


dU{\,a) 

do 


(1) 


Following  Hill  ( 1 963),  we  define  the  constitutive  behavior  of  the  heterogeneous 

solid  in  terms  of  the  analogous  relation 
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(2) 


where  i  denotes  the  mean  value  of  the  strain  field  over  (1.  and  U  refers  to  the  normalized 
(recall  that  il  has  unit  volume)  complementary-energy  function  of  the  solid  when  subjected 
to  the  uniform  constraint  boundary  condition 


an  =  m,  xedCl,  (3) 

where  n  is  the  outward  unit  normal  to  dSl,  and  ff  is  a  constant,  symmetric  tensor.  We  recall 
that  under  this  type  of  boundary  condition,  the  mean  value  of  the  stress  over  Cl  is  precisely  d. 

The  effective  complementary  energy  function  of  the  composite,  U,  can  be  obtained 
directly  in  terms  of  the  principle  of  minimum  complementary  energy  by  means  of 

U(d)  =  min  j  U{x,a)dv,  (4) 

Jfl 


where 


5(ff)  =  {<T  I  V  -  ff  =  0  in  Q,  and  <Tn  =  an  on  (5) 

is  the  set  of  statically  admissible  stress  fields.  Note  that  the  first  set  of  conditions  in  (S)  are 
the  equilibrium  equations,  and  that  the  minimizing  conditions  (Euler-Lagrange  equations) 
of  (4)  are  the  compatibility  equations.  Further,  composite  materials  typically  exhibit  sharp 
interfaces  across  which  the  material  properties  are  discontinuous,  although  the  phases  are 
assumed  to  be  perfectly  bonded.  Therefore,  across  such  interfaces,  the  equilibrium  equations 
must  be  reinterpreted  in  terms  of  continuity  of  the  traction  stresses,  and  correspondingly 
the  compatibility  equations  must  be  replaced  by  continuity  of  the  tangential  components 
of  the  strain  tensor. 

We  note  that,  given  relation  (2)  in  terms  of  0,  the  problem  of  characterizing  the 
effective  behavior  of  the  composite  reduces  to  that  of  determining  V.  However,  while  in 
principle  G  can  be  computed  from  (4) ;  in  practice,  this  variational  principle  is  not  very 
useful  for  two  reasons.  First,  usually  the  microstructure  of  a  typical  composite  is  not 
completely  specified;  and  second,  the  problem  described  by  (4)  is  a  nonlinear  one  on 
account  of  the  nonlinear  behavior  of  the  constituent  phases.  For  the  problem  of  interest  in 
this  paper,  the  first  issue  is  not  a  concern  because  the  phase  volume  fractions  suffice  to 
characterize  the  microstructure  of  a  laminated  composite  material.  However,  the  second 
issue  presents  real  difficulties.  For  this  reason,  we  describe  next  a  new  variational  principle, 
introduced  recently  by  Ponte  Castaneda  (1991a),  which  deals  precisely  with  the  problem  of 
constitutive  nonlinearity.  This  is  accomplished  by  expressing  the  effective  energy  function 
of  the  nonlinear  composite  in  terms  of  a  variational  statement  involving  the  effective  energy 
functions  of  the  class  of  linear  comparison  composites.  Thus,  the  new  variational  principle 
allows  the  extension  of  well-known  results  for  linear  composites  to  corresponding  results 
for  nonlinear  ones.  In  this  paper,  we  will  make  use  of  this  variational  principle,  and  of  well- 
known  results  for  the  effective  properties  of  linearly  elastic  laminates,  to  determine  the 
effective  constitutive  behavior  of  ductile  laminates.  Before  proceeding  with  this  task,  we 
briefly  review  the  new  variational  principle. 

The  new  variational  principle  for  the  effective  energy  of  the  composite  0  is  obtained 
by  means  of  the  Legendre  transformation,  applied  to  a  modified  set  of  variables.  We  will 
assume  that  the  heterogeneous  solid  is  locally  isotropic,  such  that 


U(x,a)  =  ^(x;T„ff„), 


(6) 


where  i/^  is  a  non-negative  function,  satisfying  the  condition  that  \l/{x  :  0.  0)  =  0  for  all  x. 
Additionally,  is  convex  in  the  variables  [cf.  (A2)] 
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=  and  t.  =  JW'a',  (7) 

denoting  the  mean  and  effective  (in  their  plasticity  usages)  stresses,  respectively,  where 
&=  a— ffn,l  is  the  stress  deviator  tensor.  We  note  that  form  (6)  is  not  the  most  general  form 
for  the  energy  function  of  a  nonlinear  isotropic  solid  (we  could  also  have  dependence  on 
the  determinant  of  o),  but  this  form  is  still  general  enough  to  cover  the  usual  plasticity 
models  of  interest  here.  Further,  we  will  assume  that  the  growth  in  U  as  the  magnitude  of 
the  stress  tensor  becomes  large  is  stronger  than  quadratic.  This  is  of  course  consistent  with 
the  ductile  behavior  of  the  material. 

The  new  variational  principle  is  obtained  then  in  terms  of  the  following  expression  for 
the  energy-density  function  of  the  heterogeneous  solid,  namely, 

t/(x,<T)=  max  {C/o(x,ff)-F(x;/io,  (Co)}.  (8) 

where  f/o  is  the  energy-density  function  of  a  linearly  elastic  comparison  solid  with  shear 
modulus  Ho,  and  bulk  modulus  Kg,  such  that 


Uq(x,  tr)  = 

2/io  2x0 


and  where 


F(x;  Ho,Ko)  =  max{t/o(x,ff)-t7(x,(T)}. 


(9) 


(10) 


(Note  that  the  maximum  in  the  above  function  is  usually  bounded,  because  of  the  stronger 
than  quadratic  assumption  on  U.)  These  expressions  are  obtained  by  means  of  the  changes 
of  variables,  u,  =  t,  and  v„  =  which  lead  to  the  definition  of  a  nonnegative  function  /, 
such  that 


=  l#'(x;Te,  a„).  (II) 

Then,  expression  (10)  is  nothing  more  than  the  Legendre  dual  of  /;  in  fact,  we  have  that 
F(x;  /io,  Ko)  =/*(*;p«.Pm).  with  p,  =  l/(2po)  and  p„  =  1/(2ko).  Here,  /•  is  the  Legendre 
transform  of  /,  given  by 

/*(* ;  Pt,  Pm)  =  max  {p^v,  +p„v„,  -/(x ;  v^,  t;„)},  (12) 

and  (8)  is  a  statement  of  Legendre  duality  for  convex  /  (i.e.  /**  =  /,  but  written  in  terms 
of  U  and  V).  For  details,  we  refer  the  reader  to  Ponte  Castaneda  (1992). 

The  new  variational  principle  is  then  obtained  essentially  by  inserting  expression  (8) 
for  U  into  the  principle  of  minimum  complementary  energy  (4),  and  interchanging  the 
order  of  the  minimum  over  the  set  of  admissible  stresses  with  the  maximum  over  the 
comparison  moduli.  The  result  may  be  expressed  in  the  form  (Ponte  Castaneda,  1992) 

0(S)=  max  I  I'fx;  Mo(x),  Ko(x))dxj,  (13) 

where 


f7o(d)  =  min  f/o(x,  <r)dx  (14) 

•cs(«)  Jn 


is  the  effective  energy  of  the  linear  comparison  composite.  We  emphasize  that  expression 
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(13)  is  a  variational  principle  in  its  own  right  since  it  involves  an  infinite-dimensional 
optimization  over  the  set  of  nonnegative  functions  Ho(x)  and  /Cn(x)-  Thus,  even  if  we  had 
an  explicit  expression  for  the  effective  energy  function  of  the  linear  comparison  composite 
Uo  [not  an  easy  calculation  in  general  for  arbitrary  fio(x)  and  Ko(x)].  the  above  variational 
principle  would  still  be  difficult  to  implement.  However,  we  will  see  that  for  a  laminated 
composite,  the  above  problem  simplifies  dramatically.  Similarly,  it  was  shown  by  Ponte 
Castaneda  (1991a.  1992)  that  the  above  variational  principle  can  also  be  utilized  in  an 
approximate  fashion  to  compute  bounds  for  the  effective  properties  of  nonlinear  composites 
with  more  general  microstructures.  Additionally,  in  the  same  references,  dual  versions  of 
( 1 3)  are  also  given  in  terms  of  the  minimum  potential  energy  of  the  composite ;  however, 
in  this  paper  we  prefer  to  use  the  above  formulation  due  to  the  fact  that  it  is  easier  to 
express  the  stress/strain  relation  for  a  ductile  material  in  terms  of  the  complementary 
energy-density  function  U  than  in  terms  of  its  Legendre  counterpart,  the  energy-density 
function  W=U*. 


3.  APPLICATION  OF  THE  NEW  VARIATIONAL  PRINCIPLE  TO  A  NONLINEAR 
LAMINATED  COMPOSITE 

In  this  section,  we  specialize  the  general  formulation  of  the  previous  section  to  the 
case  of  laminated  composites.  Such  materials  consist  of  n  homogeneous,  isotropic  phases 
occupying  nonintersecting  layered  regions  Q‘''(r  =  1.2,....n),  with  union  Q  and  with 
normal  n.  The  complementary  energy-density  function  for  the  laminated  material  is  then 
expressible  in  the  form 


f/(«T,x)= 

rm  I 


(15) 


where  x‘'’(x  •  n)  (equal  to  1  for  x  in  phase  r,  and  0  otherwise)  is  the  characteristic  function 
of  phase  r,  and  U^'\a)  =  (t„)  is  the  corresponding  homogeneous,  isotropic  energy- 

density  function.  Also  the  volume  fraction  c*'*  of  each  phase  is  determined  by  the  cor¬ 
responding  characteristic  functions  x''’  via  the  relation 


A') 


X''’(x  •  n)  dx. 


(16) 


We  remark  that  a  laminated  composite  with  perfectly  bonded,  isotropic  phases  possesses 
transversely  isotropic  symmetry  (with  transverse  direction  n).  In  some  sense,  it  represents 
the  simplest  composite  material  with  transverse  isotropy;  other  examples  of  practical 
importance  include  fiber-reinforced  materials  with  isotropic  constituent  phases.  These  will 
be  considered  elsewhere.  Because  of  the  particular  type  of  anisotropy  involved  in  laminated 
composites,  we  have  included  in  Appendix  A  a  brief  summary,  largely  after  Walpole  (1981), 
of  the  appropriate  invariants  and  other  useful  definitions  for  transversely  isotropic  materials. 

The  computation  of  the  effective  energy-density  function  of  a  laminated  composite  is 
made  easy  by  the  following  property  of  laminated  composites.  If  the  thickness  of  the  typical 
layer  is  small  compared  to  the  size  of  the  laminate  (i.e.  if  the  laminate — linear  or  nonlinear — 
is  a  composite  in  the  sense  defined  in  Section  2),  then,  away  from  a  boundary-layer  region 
close  to  the  boundary  of  the  composite,  the  fields  are  constant  within  each  layer  (a  different 
constant  in  each  layer).  Therefore,  the  problem  of  determining  the  effective  energy  function 
of  a  laminated  composite  reduces  to  that  of  determining  the  constant  fields  within  each 
phase  of  the  composite  by  imposition  of  the  appropriate  jump  conditions  (continuity  of 
traction  stresses  and  tangential  strains)  across  the  interfaces  between  the  different  layers, 
as  well  as  the  averaging  conditions  stated  in  Section  2.  Thus,  the  problem  of  determining 
the  effective  energy  function  of  a  laminated  composite,  unlike  the  corresponding  problem 
for  a  general  composite,  simplifies  to  an  algebraic  one.  Although,  in  principle,  the  resulting 
problem  can  always  be  solved ;  in  practice,  it  may  be  difficult  to  obtain  explicit  results 


SAS  29;19-B 


2334 


G.  deBotton  and  P.  Ponte  Castaneda 


because  the  jump  conditions  take  the  form  of  complicated  sets  of  nonlinear  algebraic 
equations.  However,  if  the  composite  is  made  up  of  linear  phases  (with  quadratic  energy 
functions  in  each  phase),  the  jump  conditions  are  also  linear  and  they  can  be  solved  in 
closed  form,  as  discussed  in  Section  1 

The  results  for  the  effective  energy  functions  of  linear  laminated  composites  are  given 
in  the  next  two  sections ;  in  the  balance  of  this  section,  we  make  use  of  the  new  variational 
principle  (13)  to  determine  an  exact  expression  for  the  effective  energy  function  of  a 
nonlinear  laminated  composite  U,  written  in  terms  of  the  effective  energy  functions  On  of 
the  class  of  linearly  elastic  comparison  laminates.  This  is  accomplished  by  noting  that,  for 
a  laminate,  the  minimizing  comparison  moduli  functions  |to(x)  and  ko(x)  in  (13)  must  be 
constant  within  each  phase.  Therefore,  it  suffices  to  optimize  with  respect  to  the  set  of 

constant  [over  each  phase  r(r  =  1 . «)]  comparison  moduli,  and  Kq*.  Thus,  we  have 

that 


(/(«)  = 


max 

>  0 


where,  from  (10), 


(17) 


(18) 


and  where  Uq  is  the  effective  energy-density  function  of  a  linearly  elastic  laminated  material 
made  up  of  n  phases  in  volume  fractions  c*'*,  with  shear  and  bulk  moduli,  |/o’  and  Ko’, 
respectively. 

On  the  face  of  .it,  expressions  (17)  with  (18)  for  the  effective  energy  function  of  a 
nonlinear  laminated  composite  do  not  appear  to  offer  much  of  an  analytical  advantage 
over  the  standard  procedure  of  determining  the  stress  fields  within  each  phase  (by  solving 
the  appropriate  nonlinear  jump  conditions)  and  putting  them  directly  in  the  complementary 
energy  principle  (4).  This  is  due  to  the  large  num^r  of  optimizations  involved  in  expressions 
(17)  and  (18)  (i.e.  a  total  of  4r  optimizations  for  an  n-phase  laminate).  However,  we  shall 
see  in  the  next  two  sections  that  application  of  the  particular  form  for  the  effective  energy 
function  of  a  linearly  elastic  laminate  in  (17)  leads  to  a  simpler  optimization  problem  for 
the  effective  energy  function  of  the  nonlinear  laminate.  Further,  we  observe  that,  from  a 
computational  point  of  view,  it  is  generally  easier  to  minimize  (or  maximize)  functions  than 
it  is  to  solve  nonlinear  sets  of  equations,  and  therefore,  the  methods  developed  in  this  paper 
are  computationally  superior  to  the  standard  procedure  of  solving  systems  of  nonlinear 
equations  (arising  from  the  jump  conditions).  In  Section  4,  we  begin  by  considering  the 
simpler  case  of  a  laminated  composite  with  incompressible,  isotropic  phases,  and  in  Section 
S,  we  tackle  the  more  complicated  problem  of  a  general  laminated  composite  with  com¬ 
pressible,  isotropic  phases. 


4.  THE  INCOMPRESSIBLE  LAMINATED  COMPOSITE 

In  this  section,  we  deal  with  the  special  case  of  laminated  composites  with  incom¬ 
pressible,  isotropic  phases.  In  this  case,  the  energy-density  functions  of  each  phase  take  the 
simplerform  C/''V)  =  iA''’(t*).  Then,  relations  (17)  and  (18),  expressing  the  effective  energy 
function  0  of  the  nonlinear  laminate,  reduce  to 


0(o)  =  max  1 0o(o)  -  Y,  c'"  and  F<'’>(^!(»)  =  max  - ^''’(t.)}, 

>  0  (  1  )  ’c  (Zlio  J 


(19, 20) 


where  Co  now  refers  to  the  effective  energy-density  function  of  a  linearly  elastic  laminated 
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material  composed  of  n  incompressible  phases  with  shear  moduli  /i*o’  in  prescribed  volume 
fractions  c^'K 

The  effective  energy-density  function  of  the  linear  (incompressible)  comparison  lami¬ 
nate  Uo  may  be  computed  from  the  general  results  of  Walpole  (1969),  specialized  to  the 
case  of  incompressible,  isotropic  phases.  We  obtain 


Oo(a)  =  +  +  (21) 

where  the  overbars  on  the  moduli  denote  volume  averages  (e.g.  fio  =  and 

where  f„,  fp  and  f<,  are  the  three  transversely  isotropic  invariants  of  the  applied  stress  tensor 
a  (which  is  trace-free)  corresponding  to  the  three  independent  modes  for  an  incompressible, 
transversely  isotropic,  linear  material  (see  Appendix  A  and  Fig.  1).  They  are  the  transverse 
shear  stress  [(A5)3],  the  longitudinal  shear  stress  [(A5)4]  and  the  deviatoric  stress  [(A5)i.2  and 
(A  1 2)],  respectively.  We  note  that  the  three  independent  modes  for  a  general  incompressible, 
transversely  isotropic  material  reduce  to  two  independent  modes  for  an  incompressible 
laminated  composite  (since  the  transverse  and  deviatoric  modes  have  the  same  effective 
response).  Note  further  that,  because  of  the  identity  f*  =  fp-f-fi-f  from  the  section  on 
incompressible  materials  in  Appendix  A  [(A6)2j,  we  are  able  to  rewrite  the  first  term  in 
brackets  in  (21)  in  the  form  (fp  -f^). 

With  expression  (21)  for  Og,  we  can  now  return  to  the  computation  of  0,  implied  by 
( 1 9).  In  this  connection,  we  find  that  the  following  identity,  proved  in  Appendix  B,  is  useful 
in  reducing  the  number  of  optimizations,  namely, 

1  f  "  1 

—  =  min  i  y -jrt(l-cu‘"’)^>,  (22) 

where  the  (constant)  optimization  variables  <u‘'’(r=  l,...,n)  are  required  to  satisfy  the 
constraint  di  =  0.  Then,  substituting  (21),  together  with  (22),  into  (19)  leads  to  the  result 

U(d)  =  max  min  i  V  _!_rTWy2_ 

where 

T**’  =  y/  (f^  +  fi)(  1  -  (24) 

We  note  that,  by  definition,  the  functions  —  =  —(/*'’)*( l/(2/io*))  are  concave  in 

l/(//n’),  and  similarly  the  variables  t‘'’  are  convex  in  oj''*.  Therefore,  by  the  Saddle  Point 
Theorem  (Rockafellar,  1970,  Corollary  37.3.1),  we  are  allowed  to  interchange  the  order  of 
the  maximum  and  the  minimum  in  (23).  Further,  it  follows  from  (8)  [assuming  convexity 
of  where  /’'*(r,)  =  i/'‘'’('Ct)  with  ;  see  (11)]  that 
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=  max  (25) 

Cx)  (.Vo  J 

Therefore,  we  conclude  from  (23)  that 

f7(ff)=  min  <  y  c'''l/'''’(T‘'’)k  (26) 

where  the  variables  t“'  are  given  by  relations  (24).  Evidently,  this  form  is  much  simpler 
than  the  original  form  given  by  (19)  and  (20);  it  involves  an  n-dimensional  constrained 
optimization  in  place  of  the  2n-dimen$ional  optimization  problem  implied  by  the  original 
form.  However,  the  linear  constraint  tii  =  0  for  the  n  optimization  variables  to''' 
(r  =  l,...,n)  can  be  embedded  into  the  optimization  problem  (26)  by  letting  the  nth 
variable  tu*'’’  be  expressed  in  terms  of  the  other  n  —  1  variables  (s  =  I , . . . ,  n  —  I )  via 

to'"'  =  -  4s  l'  (27) 

^  s-  I 

With  this  modification,  the  problem  (26)  reduces  to  an  (n  —  1  )-dimensional  optimization 

problem  over  the  unconstrained  variables  (j  =  1 _ ,n  —  1).  For  instance,  for  the  case 

of  a  two-phase  laminated  composite,  the  problem  (26)  reduces  to  the  one-dimensional 
optimization  problem 

(7(a)  =  min  {c<'y>(y(l-C<^*C())^(f^-f^)-l-f^]  -^n)  +  ^n]},  (28) 


which  is  expressed  in  terms  of  one  (unconstrained)  optimization  variable  cu.  Here,  we  have 
made  the  following  identifications,  and  <w‘^’  = 

Finally,  we  remark  that  simple  expressions  for  the  effective  stress/strain  relations  of 
the  nonlinear  transversely  isotropic  laminated  composite  may  be  obtained  by  means  of  the 
results  of  Appendix  C.  These  relations  may  be  written  in  terms  of  the  incompressible, 
transversely  isotropic  invariants  of  the  average  strain  tensor  e,  namely,  the  transverse  shear 
strain  y^,  the  deviatoric  shear  strain  y^,  and  the  longitudinal  shear  strain  y„.  These  strain 
invariants  are  defined  in  Appendix  A,  and  are  completely  analogous  to  the  corresponding 
(incompressible)  transversely  isotropic  invariants  of  the  average  stress.  Thus,  with  the  help 
of  relations  (C7),  we  may  write 


c‘'’(l -d>'"’)^ 


1 

f'’  dT''> 

1  diA'" 
^  dt''> 


1 


(29) 


where  and  where  the  variables  to*'*  are  the  optimized  values  of  the  oj*’’* 

from  (26).  We  note  that  for  the  nonlinear  laminated  composite,  there  is  full  coupling 
between  ail  the  distortional  (shear)  modes.  This  is  different  from  the  situation  for  the 
corresponding  linear  laminated  composite  [see  (21)].  where  all  three  modes  are  uncoupled. 
As  we  will  see  in  the  ensuing  discussions,  this  inter-mode  coupling  is  one  of  the  intrinsic 
features  of  laminated  (and  other  anisotropic)  nonlinear  composites. 
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5.  THE  COMPRESSIBLE  LAMINATED  COMPOSITE 

With  the  insight  gained  in  the  previous  section,  we  attempt  in  the  present  section  to 
obtain  corresponding  results  for  n-phase  laminated  composites  with  nonlinear,  isoiropic, 
compressible  phases.  In  this  case,  we  can  apply  the  results  (17)  and  (18)  from  Section  3 
directly;  we  only  require  an  expression  for  the  effective  energy  function  Uq  of  the  linearly 
elastic  laminate  with  isotropic,  compressible  phases  in  prescribed  volume  fractions.  This 
energy  function  may  be  computed  directly  from  the  results  of  Walpole  (1969)  for  the 
transversely  isotropic  moduli  of  linearly  elastic  laminated  composites.  The  final  result  may 
be  written  in  the  form 

Uoia)  =  Odo)  +  U,ia),  where  ^i(»)  =  + (30,31) 


1  /'3»Co-2/to\  -  1  r /  3  \  I  /3>Cn-2M,Y1 

ijo  \3»Co+4/io/  2LV3»Co+4po/  »jo  \3K:o+4poy 


(32) 


with  r/o  =  9ko/1o/(3ico+4;io),  and  where  a^,  fp  and  f„  are  the  four  transversely  isotropic 
invariants  (up  to  quadratic  in  order)  of  the  applied  stress  a.  They  denote,  respectively,  the 
in-plane  hydrostatic  stress,  the  normal  tensile  stress,  the  transverse  shear  stress  and  the 
longitudinal  shear  stress  (see  Appendix  A  and  Fig.  1).  The  reason  behind  the  above  splitting 
of  Oq  lies  in  the  similarity  between  the  first  part  of  (30),  as  given  by  (31),  for  the  distortional 
(shear)  modes  of  the  compressible  laminate  and  relation  (21)  for  the  incompressible  com¬ 
posite  (with  fp-l-fi  replaced  by  fp).  Thus,  it  follows  immediately  that 


where  the  tui'’’  are  the  corresponding  optimization  variables,  and  they  are  subject  to  the 
constraint  cu,  =  0.  The  second  part  is  more  complicated,  but  it  can  be  shown  by  straight¬ 
forward  computation  that,  if  (Xp  ^  0,  may  be  represented  in  the  form 


02(0)  =  min 


{  Z  ^[<^n-(l  -WmKr+  Z  |^Bffn  +  i(l  (34) 


where  the  optimization  variables  coj;’  are  also  subject  to  the  constraint  (S„  =  0. 

By  putting  together  relations  (33)  and  (34),  we  arrive  at  the  following  expression  for 
the  linear  comparison  laminate 


f  "  ^(j)  »  Jj)  ■) 


where 


4'*  =  ^(1  -wi'’)^fp  +  fn  + 3[<f„-(l  -a>!i')ffplS  and  -1-^(1 -toj^Vp-  (36) 


We  note  that  this  result  is  reminiscent  of  the  type  of  result  that  one  would  expect  to  arise 
directly  from  the  principle  of  minimum  complementary  energy.  That  this  result  is  indeed 
directly  obtainable  from  the  principle  of  minimum  complementary  energy  is  demonstrated 
in  Appendix  D. 

Then,  following  a  procedure  similar  to  the  one  followed  in  the  development  of 
expression  (26)  for  the  effective  energy  function  of  the  nonlinear,  incompressible  laminated 
composite,  but  making  use  of  (17)  and  (18).  we  arrive  at  the  following  expression  for  the 
effective  energy  function  of  the  nonlinear  laminated  composite 
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Tl,  (37) 

"*c  •“’m  {.J-  I  ) 

where  ri*’  and  a^'  aic  given  by  (36).  Here,  we  have  made  use  of  the  Saddle  Point  theorem 
allowing  the  interchange  in  the  order  of  the  minimum  over  the  variables  with  the 

maximum  over  the  comparison  moduli  //if’  and  k'o’.  We  note  that  form  (37)  for  the  effective 
energy  function  U  of  the  nonlinear  laminated  composite  is  a  direct  generalization  of  form 
(35)  for  the  effective  energy  function  Uo  of  the  linear  comparison  laminate.  We  also  note 
that  while  the  distortional  and  dilatational  modes  are  not  coupled  in  the  linear  laminated 
composite  [although  the  dilational  modes  are  coupled  among  themselves,  as  (32)  shows], 
all  four  modes  are  strongly  coupled  for  the  nonlinear  laminated  composite. 

Having  obtained  the  simple  form  (37)  for  the  effective  energy  function  of  a  nonlinear 
laminate  by  means  of  the  new  variational  principle,  it  can  be  demonstrated  that  the  same 
result  may  be  obtained  directly  from  the  principle  of  minimum  complementary  energy.  This 
alternative  derivation  of  (37)  is  given  in  Appendix  D.  We  note  in  this  connection  that  while 
the  derivation  of  Appendix  D  may  be  physically  more  appealing  than  the  above  derivation, 
in  this  paper  we  have  chosen  to  emphasize  the  derivation  based  on  the  new  variational 
principles  for  the  following  reasons.  The  derivation  based  on  the  principle  of  minimum 
complementary  energy  depends  on  the  fact  that  the  fields  are  constant  within  different 
phases  in  the  laminated  composite ;  however,  for  a  more  general  microstructure,  such  as  a 
fiber-reinfcrced  composite,  the  fields  are  no  longer  constant  within  the  phases,  and  the 
minimum  complementary  energy  approach  would  not  work.  On  the  other  hand,  deBotton 
and  Ponte  Castaneda  (1992)  have  made  use  of  the  new  variational  principles  to  obtain 
expressions  analogous  to  expressions  (36)  and  (37)  for  the  effective  energy  functions  of 
nonlinear  fiber-reinforced  composites.  Thus,  the  approach  based  on  the  new  variational 
principles  is  more  general  and  that  is  the  reason  for  emphasizing  the  new  approach  even 
in  the  simple  case  of  a  laminated  composite,  where  the  new  approach  is  not  strictly  required. 
In  Appendix  D,  we  also  show  that  an  alternative  form  of  (37)  is  possible,  which  is  not 
subject  to  the  (fp  5^  0  restriction,  although  we  note  that  the  above  form  is  still  valid  in  the 
limit  as  <fp  -►  0  (it  is  just  not  valid  in  a  pointwise  sense  at  dp  =  0,  because  the  optimizing 
variables  become  unbounded  in  that  limit). 

The  new  representation  for  the  effective  energy  function  of  a  nonlinear  laminated 
composite  U  can  be  seen  to  involve  only  a  2n-dimensional  optimization  problem  with  two 
linear  constraints.  This  is  major  reduction  in  order  compared  with  the  original  expressions 
(17)  and  (18)  involving  a  4n-dimensional  optimization  problem.  However,  as  noted  in  the 
previous  section,  further  reductions  are  possible  [to  a  2(n— l)-dimensional  optimization 
problem]  by  embedding  the  linear  constraints  directly  into  the  optimization  problem  (37). 
For  example,  for  the  case  of  a  two-phase  composite,  we  obtain  a  result  involving  only  a 
two-dimensional  optimization  problem  prescribed  in  terms  of  the  variables  a)„  via 

0(a)  =  min  (38) 

where  ri”,  and  arc  given  by  relations  (36)  with  tui”  =  =  — c*'’aJe, 

toU’  =  and 

Finally,  we  remark  that  simple  expressions  for  the  effective  stress/strain  relations  of 
the  transversely  isotropic  laminated  composite  may  be  obtained  by  means  of  the  results  of 
Appendix  C.  These  may  be  written  in  terms  of  the  transversely  isotropic  invariants  of  the 
average  strain  tensor  e,  the  in-plane  hydrostatic  strain  ip,  the  normal  tensile  strain  4,  the 
transverse  shear  strain  Vp,  and  the  longitudinal  shear  strain  Vp.  These  are  defined  in  Appendix 
A,  and  are  completely  analogous  to  the  corresponding  transversely  isotropic  invariants  of 
the  average  stress.  Thus,  with  the  help  of  relations  (C8),  we  may  write 


h  =  ^  i  ^"’(1  -c&!;’)[2^  (tr,  o  -(-  [(1  -di:;>)<Tp  -(fp]  ^  ^  (tr . 
1  "  1  1 

=  3 1  c'''|^^(fi^'.di;')-[(i-wi;’)ffp-(j„]^^(fi'’,di;')J, 
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where  fi'’  =  ).  (“m).  and  where  are  the  optimized  values  of 

from  (37).  We  note  that  in  this  form,  the  coupling  between  the  distortional  and 
dilatational  modes  in  the  nonlinear  material  become  evident  since  fp,  y„  depend  on  d„,  dp, 
and,  conversely,  e„,  Cp  depend  on  f„,  fp. 


6.  APPLICATION  TO  LAMINATED  COMPOSITES  WITH  POWER-LAW  CONSTITUTIVE 

BEHAVIOR 

In  this  section,  we  specialize  the  results  of  Sections  4  and  S  for  three  classes  of  laminated 
composites.  The  first  subsection  deals  with  the  case  of  an  incompressible  laminated  material 
made  up  of  layers  of  a  phase  with  “linear  plus  power-hardening”  constitutive  behavior, 
reinforced  with  stiffer  layers  of  a  linear-elastic  material.  In  the  study  of  these  incompressible 
laminates,  we  will  emphasize  the  coupling  between  different  distortional  loading  modes 
arising  as  a  consequence  of  nonlinearity  and  anisotropy  in  the  laminates.  The  second 
subsection  is  dedicated  to  the  study  of  a  compressible,  aluminum/alumina  laminate,  and 
the  understanding  of  the  dilatational  modes  is  emphasized  in  this  case.  The  third  subsection 
deals  with  an  incompressible  laminated  composite  made  up  of  two  rigid/perfectly  plastic 
phases  with  different  yield  stresses;  it  is  interesting  to  note  that,  in  this  special  case, 
completely  explicit  results  are  obtained  for  the  effective  yield  function  of  the  laminate. 

6. 1 .  Incompressible  laminated  composites 

In  this  subsection,  we  consider  an  incompressible,  two-phase  laminated  composite 
characterized  by  the  following  constitutive  laws  for  the  two  isotropic  phases.  Phase  I  is 
governed  by  “linear  plus  power-hardening”  constitutive  behavior  described  by  the  energy- 
density  function 

=  ^  where  + 

(40,41) 

Here  H  is  the  unit  step  function  (equal  to  0  when  s^Oy  and  to  1  otherwise),  and  Sq,  ffo  Rte 
strain,  stress  normalization  factors  such  that  ffo/So  =  with  p*”  denoting  the  shear 
modulus  of  phase  1.  Then,  the  function  represents  the  uniaxial  stress/strain  relation  of 
phase  I  under  simple  tension  loading  conditions.  Thus,  the  behavior  of  phase  1  is  linear 
when  the  uniaxial  stress  is  lower  than  the  yield  stress,  Oy,  and  is  linear  plus  power-hardening 
for  stresses  larger  than  Oy.  The  factor  .^3  in  (40)  is  needed  in  order  to  fit  the  isotropic  stress 
invariant  r,  to  the  uniaxial  case.  Phase  2  is  linear  and  governed  by  the  quadratic  energy- 
density  function 


(42) 


where  is  the  shear  modulus  of  the  phase. 

With  the  above  constitutive  behavior  for  the  two  phases  ( 1  and  2),  which  are  prescribed 
in  volume  fractions  (1  —  c*^>)  and  respectively,  the  effective  energy-density  function  of 
the  incompressible  laminated  composite  may  be  expressed  in  dimensionless  form  via  the 
relation 
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Fig.  2.  The  relations  between  the  longitudinal  shear  stress  f„  and  strain  y„  of  the  incom3res>.ihle. 
nonlinear  laminate  (continuous  lines),  and  the  reference  linear  laminate  (short-dashed  lines)  foi  liiree 
different  values  of  the  other  stress  mode  f ;  f/T,,  =  0,  f/io  =  2  and  iito  =  5. 


U(o)  ^  ^  ffp  ^ 
■^oyo  1^0  To  To 
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,  /J,  C 
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(43) 


where  the  specific  form  of  the  function  G  is  determined  from  (28),  and  To  =  v/lffo. 
'/o  =  so  that  Tfl/vo  =  Then,  the  relations  between  the  three  (incompressible) 

transversely  isotropic  stress  invariants  and  the  corresponding  strain  invariants  may  be 
computed  from  (29).  These  relations  are  presented  in  Figs  2-5  for  the  following  values  of 
the  four  parameters  appearing  in  (43) : 

—  =1,  ^  =  5,  «  =  3  and  =  0.2. 


We  recall  that  there  are  only  two  independent  modes  for  the  incompressible  laminated 
composites ;  they  are  the  l<?ngitudinal  shear  stress  f„  and  the  following  combination  of  the 
other  two  shear  modes  (i.e.  the  transverse  and  deviatoric  shear  modes,  respec¬ 

tively).  For  simplicity,  we  will  refer  to  this  combination  of  the  two  modes  at  f  and  to  the 
corresponding  combination  of  the  strain  modes,  v^yp-t-’/d,  as  y.  Thus,  it  suffices  to  consider 
the  relations  among  the  stress  modes  f„.  f  and  the  strain  modes  y„,  y  in  order  to  have  a 
complete  description  of  the  constitutive  behavior  of  the  incompressible  laminate.  In  order 
to  highlight  the  effect  of  nonlinearity,  results  are  included  in  Fip  2-5  in  the  form  of  short- 


Fig.  3.  The  inter-relations  between  the  shear  stress  f  and  the  longitudinal  shear  strain  v„  of  the 
incompressible,  nonlinear  laminate  (continuous  lines),  and  the  reference  linear  laminate  (short- 
dashed  lines)  lor  two  different  values  of  the  longitudinal  shear  stress  f„ ;  f„  r„  =  0  5  and  f„  r„  =  I . 
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Pig.  4.  The  relations  between  the  shear  stress  f  and  the  corresponding  shear  strain  y  of  the 
incompressible,  nonlinear  laminate  (continuous  tines),  and  the  reference  linear  laminate  (short- 
dashed  lines)  for  three  different  values  of  the  longitudinal  shear  stress  f„ ;  f  Jig  =  0,  rjxo  =  O.S  and 

fjxo  =  2- 


dashed  curves  for  a  linear  laminated  composite  with  the  same  shear  moduli  as  the  nonlinear 
laminate.  Thus,  the  phases  of  this  linear  reference  laminate  are  similar  to  those  of  the 
nonlinear  one  with  the  only  difference  that  in  phase  1  tXy  =  oo. 

Figure  2  shows  a  plot  of  the  longitudinal  shear  stress  f„  versus  the  longitudinal  shear 
strain  v„  for  three  different  values  of  f  (f/to  =  0,  2,  5).  We  observe  that  when  there  is  no 
preloading  of  the  laminate  (f/to  =  0),  the  behavior  of  the  stress/strain  curve  of  the  nonlinear 
laminate  is  initially  the  same  as  that  of  the  reference  linear  laminate  (short-dash  line)  until 
phase  1  yields.  After  yielding,  the  two  curves  diverge  with  the  nonlinear  phase  controlling 
the  behavior  for  large  longitudinal  shear  stresses.  That  this  should  be  so  is  seen  from  the 
fact  that  shear  parallel  to  the  layers  should  be  controlled  by  the  less  stiff  phase  (in  this  case, 
the  nonlinear  phase).  The  effect  of  increasing  f  is  to  saturate  the  linear  range  of  phase  1, 
forcing  the  effective  stress/strain  curve  of  the  laminate  to  be  controlled  by  the  nonlinear 
phase  even  for  small  values  of  the  longitudinal  shear  stresses  fn- 

Figure  3  shows  a  plot  of  f  versus  the  longitudinal  shear  strain  y„  for  two  different 
values  of  the  longitudinal  shear  stress  (tJtq  =  0.5, 1),  and  serves  to  emphasize  the  coupling 
between  the  two  shear  modes.  Thus,  a  small  preload  in  the  form  of  a  longitudinal  shear 
stress  f„  applied  to  the  nonlinear  laminate  can  lead  to  large  increases  in  the  longitudinal 
strain  as  the  other  shear  stress  mode  f  is  increased ;  in  fact,  the  growth  is  unbounded  and 
can  be  shown  to  be  proportional  to  (f/to)*"" 


Pig.  3.  The  inter-relations  between  the  longitudinal  shear  stress  f„  and  the  shear  strain  y  of  the 
incompressible,  nonlinear  laminate  (continuous  lines),  and  the  reference  linear  laminate  (short- 
dashed  lines)  for  two  different  values  of  the  stress  mode  f ;  f/r,  as  O.S.  and  T/r„  =  I . 
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Figure  4  shows  a  plot  of  the  shear  stress  f  versus  the  shear  strain  y  for  three  different 
values  of  longitudinal  shear  stress  f„  (xjto  =  0,  0.5.  1).  We  observe  that  when  there  is  no 
preloading  of  the  laminate  {fjxo  =  0),  the  behavior  of  the  effective  stress  strain  curve  of 
the  nonlinear  laminate  is  initially  the  same  as  that  of  the  reference  linear  laminate  (short- 
dash  line)  until  phase  1  yields.  After  yielding,  however,  the  two  curves  diverge  with  the 
linear  phase  controlling  the  behavior  for  large  shear  stresses  f.  In  fact,  it  can  be  demonstrated 
that  the  slope  of  the  stress/strain  curve  in  question  reaches  an  asymptotic  value  of  2c  '’’u'*’ 
(corresponding  to  a  linear  Voigt  estimate  with  /i*  ”  0)  as  the  shear  stress  f  becomes  large. 

Evidently,  the  weaker  nonlinear  phase  is  acting  as  if  it  was  not  present  for  large  enough  f. 
The  effect  of  increasing  f„  is  then  to  saturate  the  linear  range  of  phase  1 ,  reducing  the  effect 
of  the  nonlinear  phase  on  the  effective  stress/strain  curve  of  the  composite  (the  laminate 
behaves  almost  linearly  with  modulus  c'-’/i*’’  for  sufficiently  large  preload  f„).  That  the 
nonlinear  laminate  should  be  controlled  by  the  stiffer  linear  phase  for  large  magnitudes  of 
the  transverse  shear  stress  fp  (and  fixed  longitudinal  shear  stress  f„)  is  easy  to  visualize,  but 
that  exactly  the  same  behavior  should  be  observed  for  the  deviatoric  mode  (the  other 
component  of  f)  is  perhaps  less  intuitive.  The  reason,  however,  is  related  to  the  Poisson 
effect.  Thus,  for  example,  if  the  laminate  is  compressed  along  the  normal  direction  (which 
may  seem  to  be  controlled  by  the  less  stiff  nonlinear  phase),  tensile  strains  are  set  up  in  the 
plane  of  the  layers,  which  must  be  continuous  across  the  phases,  thus  providing  the  required 
stiffening  effect  in  the  normal  direction  (because  the  linear  phase  controls  the  in-plane 
behavior  of  the  laminate). 

Figure  5  shows  the  relation  between  the  longitudinal  shear  stress  mode  f„  and  the 
strain  mode  y  for  different  values  of  the  shear  stress  f  (t/tq  =  0.5.  2).  We  observe  that  while 
there  is  significant  coupling  between  the  two  modes  (by  comparison  with  the  linear  reference 
laminate),  the  coupling  is  not  as  significant  as  in  Fig.  3.  Thus,  the  shear  strain  y  reaches  a 
maximum  level  for  a  given  shear  preload  f  as  the  longitudinal  shear  f„  is  increased.  This  is 
because  the  nonlinear  phase  is  dominated  by  the  linear  phase  in  this  mode  of  deformation 
as  observed  previously  in  connection  with  Fig.  4.  The  effect  of  increasing  preload  f  is  to 
increase  (in  both  absolute  and  relative  terms)  the  increments  in  the  shear  strain  y  with 
increasing  shear  stress  f„. 

6.2.  The  aluminum! alumina  laminated  composite 

In  this  subsection,  we  demonstrate  the  behavior  of  a  nonlinear,  compressible  laminated 
composite  made  up  of  aluminum  layers  reinforced  with  layers  of  alumina.  Aluminum  is  a 
ductile  material  with  uniaxial  stress/strain  curves  that  can  be  approximated  by  a  “linear- 
plus-power”  law  with  hardening  exponent  n  varying  between  4.2  and  5.8.  Thus,  we  will 
assume  the  following  form  for  the  energy-density  function  of  the  aluminum  layers  (phase 
1) 


jVit.  , 

I  F«'>(,)dj+^a=, 

JO 


(44) 


where  f"’  is  the  same  as  in  (41),  and  thus  the  only  difference  between  (40)  and  (44)  is  the 
compressibility  of  aluminum  accounted  for  in  (44)  through  the  bulk  modulus  x' ".  Alumina 
(phase  2)  is  a  brittle  material  that  behaves  in  a  linear  fashion  up  to  the  point  of  failure.  Its 
energy-density  function  is  represented  by 


1 

2/i'" 


t;  + 


1  , 
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where  /i'**  and  x*’’  denote  the  shear  and  bulk  moduli  of  the  alumina,  respectively. 

With  this  choice  of  i/i‘'*  and  (for  the  behaviors  of  the  two  phases),  the  effective 
energy-density  function  of  the  composite  can  be  represented  in  dimensionless  form  via 
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Fig.  6.  The  relations  between  the  in-plane  hydrostatic  stress  dp  and  strain  Cp  of  the  compressible 
laminate  (where  no  other  stress  modes  are  present)  for  three  different  values  of  the  volume  fraction 

of  the  linear  phase,  c'-’. 
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where  G  is  obtained  from  (38),  to  =  y/\oo>  Vo  =*  v/sSo*  such  that  Xolyo  —  2^1*  *,  and  v‘  *,  v‘ 
are  the  (dimensionless)  Poisson’s  ratios  of  the  two  phases  defined  by 


In  the  results  to  follow,  we  will  make  the  following  choices  (which  are  representative  of  the 
aluminum/alumina  composite)  for  the  material  parameters  in  (46) : 


=  ^  =  6,  v''»=0.35,  =  0.25  and  n  =  5. 

Oo  K  ’ 

The  results  are  presented  in  Figs  6-9  in  terms  of  plots  of  the  four  transversely  isotropic 
stress  modes  versus  the  corresponding  strain  mcues  for  three  different  values  of  the  volume 
fraction  of  alumina  (0.1, 0.25  and  0.5). 

Figure  6  shows  a  plot  of  the  in-plane  hydrostatic  stress  dp  versus  the  corresponding 
hydrostatic  strain  «p,  when  all  other  stress  modes  vanish,  for  the  three  values  of  the  volume 


Fig.  7.  The  relation'  between  the  normal  tensile  stress  d,  and  strain  of  the  compressible  laminate 
(where  no  other  stress  modes  arc  present)  for  three  different  values  of  the  volume  fraction  of  the 

linear  phase,  c'^'. 
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Fig.  8.  The  relations  between  the  transverse  shear  stress  and  strain  of  the  compressible  lamina.^ 
(where  no  other  stress  modes  are  present)  for  three  different  values  of  the  volume  fraction  of  the 

linear  phase,  c'^’. 


fraction  of  alumina  We  observe  that  the  laminate  has  a  linear  range  with  effective 
modulus  2fj  (recall  that  t\  =  9K/t/(3K+4/j))  up  to  yielding  of  the  aluminum  phase.  However, 
the  laminate  behaves  almost  linearly  even  after  yielding  with  modulus  approaching 
for  large  values  of  dp.  This  behavior  is  expected  on  physical  grounds  due  to  the  fact  that  the 
stiffer  material  (alumina)  should  dominate  the  behavior  in  tension  (compression)  parallel  to 
the  layers.  The  effect  of  increasing  volume  fractions  of  alumina  is  of  course  to  stiffen  the 
effective  behavior  of  the  composite. 

Figure  7  shows  a  plot  of  the  normal  tensile  stress  d„  versus  the  corresponding  tensile 
strain  when  all  other  stress  modes  vanish,  for  the  three  previous  values  of  the  volume 
fraction  of  alumina  The  structure  of  the  plots  is  very  similar  to  that  of  Fig.  6 ;  however, 

the  effective  moduli  are  different.  Before  phase  1  reaches  yielding,  the  laminate  has  uniaxial 
modulus  given  by  the  expression 


Y  ^ 

f3»c-2//V  ■ 

\3K+4fi/  _ 

while  after  the  yielding  of  phase  1,  the  modulus  for  large  stress  d„  is  reduced  to  the  level 


Fig.  9.  The  relations  between  the  longitudinal  shear  stress  f„  and  strain  >%  of  the  compressible 
laminate  (where  no  other  stress  modes  are  present)  Tor  three  different  values  of  the  volume  fraction 

of  the  linear  phase.  r'-‘. 
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In  this  case,  it  is  not  evident  that  the  linear  phase  should  govern  the  effective  behavior  of 
the  laminate  for  large  stresses.  The  reason,  however,  is  the  same  as  discussed  in  the  previous 
subsection  in  connection  with  Fig.  4 :  continuity  of  the  tangential  strains  across  the  interfaces 
together  with  the  Poisson  effect. 

Figure  8  shows  the  corresponding  plots  for  the  transverse  shear  stress  fp  versus  the 
transverse  shear  strain  fp,  when  no  other  stress  modes  are  present,  for  the  three  values  of 
the  volume  fraction  of  alumina.  In  this  case,  the  results  are  similar  to  those  of  Fig.  6  foi 
clear  physical  reasons :  the  stiffer  phase  controls  the  behavior  of  the  laminate  under  trans¬ 
verse  shear  loading. 

Figure  9  shows  plots  of  the  longitudinal  shear  stress  f„  versus  the  corresponding  strain 
mode  y„,  with  no  other  stress  modes  present.  The  behavior  in  this  case  is  dramatically 
different,  as  the  study  of  the  corresponding  case  for  the  incompressible  laminate  demon¬ 
strated  earlier  (Fig.  2).  Thus,  after  an  initial  linear  range  before  yielding  of  phase  I,  the 
weaker  nonlinear  phase  governs  the  effective  behavior  of  the  laminate.  In  contrast  to  the 
other  three  modes,  we  observe  that  the  dependence  on  the  volume  fraction  of  alumina  is 
fairly  weak,  so  that  the  three  curves  (corresponding  to  different  values  of  are  quite 
close  to  each  other. 

Clearly,  a  study  of  the  inter-relations  between  the  different  modes  would  be  required 
to  have  a  complete  picture  of  the  effective  behavior  of  the  nonliear  compressible  laminate. 
However,  the  behavior  of  these  inter-modal  relations  is  similar  to  those  already  explored 
for  the  incompressible  laminate.  Thus,  the  inter-modes  relations  that  involve  the  longi¬ 
tudinal  shear  strain  y„  are  of  the  form  of  the  relations  presented  in  Fig.  3  while  all  other 
inter-modal  stress/strain  relations  are  in  the  form  of  Fig.  S. 

6.3.  The  rigid! perfectly  plastic  laminated  composite 

In  this  subsection,  we  consider  the  case  of  an  incompressible  laminated  composite 
made  up  of  two  rigid/p)erfectly  plastic  phases  with  yield  stresses  tV’  and  chosen  such 
that  tV’  <  in  given  volume  fractions  c*”  and  c‘”.  The  behavior  of  the  phases  may  then 
be  characterized  in  terms  of  the  convex  energy-density  functions 


T.  ^ 

Te  >  rV, 


(47) 


(r  =  1,  2),  where  denotes  the  effective  shear  stress.  These  energy  functions  may  be 
obtained  directly  from  pure  power-law  energy  functions  of  the  form 


(48) 


in  the  limit  as  w  -*  oo.  Further,  these  energy  functions  define  “yield  functions”  for  the  phase 
materials  that  may  be  described  in  the  usual  way  via 

<^‘'>(<r)  =  t.-4'‘  =  0.  (49) 

Here,  we  will  proceed  formally  and  make  use  of  expression  (28)  to  determine  an 
expression  for  the  effective  energy  function  of  the  laminated  material  t7,  from  which  we 
will  be  able  to  determine  a  yield  function  for  the  laminated  composite  <l).  For  a  rigorous 
treatment  of  homogenization  theory  for  rigid/perfectly  plastic  composites,  and  in  particular 
for  a  discussion  concerning  the  validity  of  the  normality  condition  for  the  effective  yield 
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function  of  the  composite,  the  reader  is  referred  to  Suquet  (1985).  Because  of  incom¬ 
pressibility  and  transverse  isotropy,  we  will  find  that  such  a  yield  function  may  be  rep¬ 
resented  as  a  curve  in  the  (f„,  f)-spacc.  where  f  =  ^fp-bfi  Thus,  ar  plicauon  oi  ( 28’>  leads 
to  the  expression 


(n  T<'>  <  t“>  nnH 

Did)  =  mjn  f, CO)},  where  G  =  ^  (50, 51) 


and  where  r"*  =  .^(1  —  c'^'cd)^f^-i-f‘  and  =  ^(1  -Hc*’'to)^f‘-l-f;. 

The  above  optimization  problem  for  co  then  reduces  to  determining  all  possible  com¬ 
binations  of  f  and  f„  for  which  0  =  0,  which  in  turn  defines  the  yield  function  for  the 
composite  <D.  First,  we  note  that,  independent  of  f  and  co,  0  can  only  vanish  if 

(52) 

for  otherwise  t‘  "  >  f„  >  rV*.  Thus,  inequality  (52)  is  a  necessary  condition  for  0  to  vanish. 
However,  the  condition  ( 52)  is  not  sufficient  to  ensure  that  U  vanishes  since  the  condition 
^  t|)^’  may  be  violated.  Thus,  assuming  that  condition  (52)  is  satisfied,  we  ask  the 
question  of  whether  there  are  values  of  co,  depending  on  f  and  f„,  such  that  conditions 
T*"  <  t'o"  and  ^  r'o*’  are  satisfied  simultaneously.  The  answer  is  affirmative,  provided 
that  f  and  f„  (for  given  volume  fractions  and  c‘^')  satisfy  the  condition 


Thus,  conditions  (52)  and  (53)  define  an  effective  yield  function  for  the  composite,  <l>  =  0, 
such  that 


<D(tf) 


t‘-(c<'>vWP^-hc<«y(W^], 


Tn  <  t!)'’. 


(54) 


We  note  that  when  =  tV’,  the  expression  above  reduces  to  the  von  Mises  yield  criterion. 

Plots  of  the  yield  surfaces  in  the  (fn,f)-space  of  applied  stresses  are  given  in  Figs  10 
and  11.  Figure  10  shows  the  exact  yield  surface  (P  for  the  choice  of  parameters, 
’  =  2  and  c’^’  =  0.5.  The  isotropic  Reuss  and  Voigt  (also  known  as  Bishop-Hill 
estimate)  bounds  for  the  yield  surfaces  are  also  given  for  comparison.  We  note  that  the 
exact  yield  surface  <1>  is  close  to  the  Voigt  upper  bounding  surface  <I>v  for  low  values  of  the 
longitudinal  shear  stress  (f„  <  ito ’)>  dose  to  the  Reuss  lower  bounding  surface  <l>it  for 


Fig.  10.  Plots  of  the  exact  estimate,  the  anisotropic  elliptic  estimate  of  Hill,  and  the  Voigt  and  Reuss 
isotropic  estimates  for  the  elfective  yield  surface  of  a  laminated  composite  with  T'o^Vto"  =  2  and 

c'“  »  0.5. 
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Fig.  U.  Plots  of  the  exact  estimates  (continuous  tines)  and  the  corresponding  anisotropic  elliptic 
estimates  of  Hill  (dashed  lines)  for  the  effective  yield  surfaces  of  laminated  composites  with 
ro^'/To"  =  1-25  and  three  different  values  of  c‘^’  (0.1,  0.5  and  0.9). 


low  values  of  f.  We  also  include  in  Fig.  10  an  estimate  for  the  yield  surface,  <1)h,  which  is 
based  on  the  approximation  of  Hill  (1951)  for  slightly  anisotropic  materials.  This  approxi¬ 
mate  yield  surface  is  given  by 


and  we  note  that  it  amounts  to  an  elliptic  interpolation  between  the  Voigt  and  Reuss  yield 
functions. 

We  observe  that  for  the  largely  anisotropic  case  depicted  in  Fig.  10  ’  ==  2  and 

=  0.5),  Hill’s  elliptic  approximation  severely  underestimates  the  ultimate  yield  strength 
of  the  laminated  composite  for  combined  longitudinal  and  transverse  loading.  Figure  1 1 
shows  plots  of  the  exact  yield  surfaces  (continuous  lines)  and  Hill’s  approximate  yield 
surfaces  (dashed  lines)  for  a  laminated  composite  with  slight  anisotropy  =  1-25) 

and  three  values  of  (0.1,  0.5  and  0.9).  For  ail  values  of  the  exact  yield  criterion 
bounds  a  larger  region  of  the  (f„,  f)-plane  than  the  Hill  approximate  criterion,  and  the 
two  curves  are  only  in  good  agreement  for  small  volume  fractions  of  the  stronger  phase 
(c‘^'  =  0.1). 


7.  CLOSURE 

In  this  paper,  we  have  described  the  application  of  a  new  variational  method,  developed 
by  Ponte  Castaneda  (1991a,  1992),  to  determine  the  effective  constitutive  behavior  of 
laminated  composites  with  elastoplastic  phases  in  prescribed  volume  fractions.  It  constitutes 
one  of  the  first  applications  of  the  method  to  composite  materials  with  anisotropic  sym¬ 
metries  [see  also  Ponte  Castaneda  (1992)  and  deBotton  and  Ponte  Castaneda  (1992)  for 
the  corresponding  results  for  fiber-reinforced  materials].  Because  of  the  simplicity  of  the 
laminated  microstructure,  allowing  for  the  determination  of  the  exact  effective  properties 
of  laminated  composites,  this  work  is  of  interest — not  only  on  account  of  its  practical 
significance — but  also  because  it  provides  a  simple  case  to  evaluate  the  power  of  the  new 
method.  Additionally,  the  results  of  this  paper  suggest  that  when  dealing  with  strongly 
anisotropic  materials,  it  is  nor  enough  to  consider  the  behavior  of  the  composite  under 
special  loading  conditions,  since  the  behavior  of  the  composite  under  different  types  of 
loading  conditions  may  be  dramatically  different.  Thus,  we  found  that  nonlinearity  high¬ 
lighted  the  different  in  the  constitutive  response  of  laminated  composites  under  transverse 
and  longitudinal  shear  loading.  Further,  this  study  also  underlined  the  significant  coupling 
that  may  arise  between  different  loading  modes  in  nonlinear  anisotropic  composites.  Thus, 
it  was  found  that  a  small  fixed  preload  of  a  laminate  in  the  longitudinal  direction  leads  to 
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continued  increase  of  the  longitudinal  shear  strain  as  the  level  of  transverse  shear  stress  (for 
example)  is  increased.  It  is  anticipated  that  the  features  uncovered  by  the  present  analysis 
of  nonlinear  laminated  composites  will  also  be  important  '  i  other  t.'pes  of  nonlinear 
composites  with  anisotropic  symmetries,  such  as  the  practically  important  class  of  fiber- 
reinforced  materials. 
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•APPENDIX  A:  ON  THE  CHARACTERIZATION  OF  TRANSVERSELY  ISOTROPIC 

MATERIALS 

The  purpose  of  this  appendix  is  to  gather  some  results  relevant  to  the  analysis  of  linearly  elastic  materials 
with  transversely  isotropic  symmetry.  These  results  are  used  extensively  throughout  the  body  ol  me  paper  in  lii.- 
development  of  effective  stress/strain  relations  for  nonlinear  laminated  composites.  The  emphasis  of  this  section 
is  on  representations  for  the  transversely  isoropic  invariants  of  the  stress  and  strain  tensors.  The  reason  is  that 
nonlinear  transversely  isotropic  materials  are  most  efficiently  charactenzed  in  terms  of  energy-density  functions 
depending  on  these  invariants. 

A.\.  Isotropic  invariants 

It  is  well  known  that  there  are  three  isotropic  invariants  for  a  symmetne.  second-order  tensor.  However,  only 
two  of  these — those  that  are  of  quadratic  order,  or  less — are  relevant  to  linearly  elastic  behavior.  These  invariants 
may  be  expressed  [see.  for  example.  Walpole  (1981)]  in  terms  of  two  fourth-order  pro/ecrion  tensors  J  and  K.  such 
that  I  :=  J  -r  K.  JJ  =  J.  KK  =  K  and  JK  =  0.  Their  Cartesian  components  are  given  by 

Juki  =  ti^ndkh  K,tkl  =  +  (AI) 

where  d,,  is  the  Kronecker  della  symbol.  Then,  in  terms  of  these  projection  tensors,  we  define  two  isotropic 
invariants  of  the  stress  tensor  via 


Om  =  \Jkk.,<r„  and  x;  =  \K,kiO„tSk„  (A2) 

called  the  hydrostatic  (mean)  stress,  and  the  effective  shear  stress,  respectively.  We  also  define  the  hydrostatic 
strain  c„,  and  the  effective  shear  strain  y,  by  relations  completely  analogous  to  (A2). 

It  is  important  to  note  that  the  elasticity  tensor  L  of  an  isotropic,  linearly  elastic  material  admits  a  spectral 
decomposition 


L  =  3(cJ-»-2pK.  (A3) 

where  J  and  K  play  the  role  of  the  eigenprojections,  and  the  bulk  and  shear  moduli  of  the  material,  k  and  p,  are 
the  corresponding  eigenvalues.  As  we  will  see  next,  the  situation  for  transversely  isotropic  materials  is  different. 

A. 2.  Transversely  isotropic  invariants 

There  are  in  general  five  transversely  isotropic  invariants  of  a  symmetric,  second-order  tensor  (Spencer.  1971 ). 
However,  only  four  of  these  invariants  are  linear,  or  quadratic,  in  order.  They  may  be  represented  in  terms  of  the 
four  projections  tensors  (see  Walpole  (1981)]  E''*,  E*^'.  E'^'  and  E'*’.  satisfying  the  relations  E''’'E''’’  =  E'*’'; 
£ipi£i<ij  -Qp^g.  and  £(ii.(.£i2i  +  £|j|^.£i<i  _  |  -f},j  componcnts  of  these  four  projections  tensors  are  given 
respectively  by 


Ei;i  =  {pjki, 

f!?!/  =  2i.Pik<t,i  +  Pua-tk  +Pjfi,k  +  P,kOt„),  (A4) 

where  a,,  =  n,n,  and  P,,  =  3^^  — n,n,,  with  n  denoting  the  axis  of  transverse  isotropy.  Then,  the  four  transversely 
isotropic  invariants  of  the  stress  tensor  a  may  be  expressed  in  the  forms 


On  =  E\SiOki  = 

tp  =  k.iEljhOki  = 

=  W„El%iOki  =  [a.,ak,a.,k-(<’i,%,y]. 


{{(Oli-I-Oz,)}. 

{tt,,}. 

{ojj-i- J(<7,,-<7:;)'}, 
{(<rjj-l-<ri,)}. 


(A5) 


which  correspond  physically  to  the  in-plane  hydrostatic  stress,  the  normal  tensile  stress,  the  (in-plane)  transverse 
shear  stress,  and  the  (anti-plane)  longitudinal  shear  stress  (given  in  brackets  are  the  corresponding  representations 
for  a  choice  of  n  aligned  with  the  3-direction).  Analogous  relations  apply  for  the  transversely  isotropic  invariants 
of  the  strain  tensor  e,  denoted  respectively  Cp,  e„,  y,  and  y,.  We  also  note  for  latter  reference  that  the  following 
two  relations  hold  between  the  transversely  isotropic  invariants  of  (AS)  and  the  isotropic  invariants  of  (A2), 
namely. 


<r„  =  i(2<7p  +  (T„),  =  t’-n^  +  }(Op-(T„)^  (A6) 

Contrary  to  the  situation  for  isotropic  materials,  the  above  four  projection  tensors  are  not  the  eigentensors 
of  the  spectral  decomposition  of  an  arbitrary  transversely  isotropic  material  (Mehrabadi  and  Cowin.  1990).  Such 
eigentensors  would  unfortunately  involve  the  material  moduli.  Therefore,  it  is  necessary  to  introduce  (see  Walpole 
(1981)1  two  other  tensors,  that  arc  not  projections.  E'*'  and  E'*'.  with  components 


SAS  29:19-C 
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£i;i, = £!n,  = 


(AT) 


Then,  the  elasticity  tensor  L  of  an  arbitrary  transversely  >-otropic  material  mav  He  r  -.rrrssed  in  tems  of  these  six 
tensors.  It  is  worth  mentioning  that  the  above  tensors  sati$>v  the  relation 

J  =  jE">  +  lE'^'  +  >,(  E'”  +  Ei‘>).  (A8) 

and  that  we  can  additionally  define  for  later  reference  a',  additional  tensor  E'  such  that 

E'  =  E‘"+’i“'-K.  (A9) 

This  last  tensor  is  a  projection  tensor,  which  is  orthogon.tl  to  E*’’  and  E'*’. 

Finally,  we  remark  that  the  energy  density  function  of  ’  Tansversely  isotropic,  linestl/  eiastic  material  may 
be  represented  in  the  form 


U(o)  =  <r„  tp.  t,),  (AlO) 

where  ijr  is  a  quadratic  function.  Then,  the  relation  between  the  transversely  isotropic  stress  and  tti-air  invariants 
is  given  by 


I  d\li  1 


1 

and  v.  =  2^. 


(All) 


,4.3.  Incompressible,  transversely  isotropic  invariants 

For  incompressible,  transversely  isotropic  materials,  it  suffices  to  consider  the  three  invariants  of  order  less 
than  quadratic  on  the  space  of  traceless,  symmetric,  second-order  tensors.  These  may  be  obtained  in  terms  of  the 
three  orthogonal  projection  tensors  E'^',  E***  and  E',  defined  in  the  previous  subsection.  Thus,  the  incompressible, 
transversely  isotropic  invariants  of  the  stress  tensors  «  are  tp.  r.,  and  the  deviatoric  shear  stress 


td  = 


v/3 


(A12) 


corresponding  to  the  three  above  projections,  respectively.  We  note  further  that  from  (A6)  j  we  have  the  following 
identity  relating  the  effective  shear  stress  and  the  incompressible,  transversely  isotropic  invariants, 
+  Tp  +  Td .  The  corresponding  strain  invariants  are  denoted  by  yp,  y„  and  yd. 

Finally,  we  note  that  the  elasticity  tensor  L  of  an  incompressible,  transversely  isotropic,  linearly  elastic 
material  admits  a  spectral  decomposition  of  the  form 


L  -  a^ipE*” + +  2ft^E\  (A  1 3) 

where  /ip,  /ip,  /id,  are  the  three  shear  moduli  that  suffice  to  characterize  the  behavior  of  such  a  material  [see  Lipton 
(I991a)j. 


APPENDIX  B  .  A  USEFUL  IDENTITY 

In  this  appendix,  we  demonstrate  the  following  identity,  which  is  used  repeatedly  in  the  body  of  the  paper, 
namely 


where  the  variables  a*'’  >  0  (r  »  I . n)  are  constant,  and  where  the  variables  cu'"  (r  ==  I . n)  are  subject  to 

the  constraint  cu  =  I . 

We  begin  by  letting  g  be  the  function  defined  by 


(B2) 

The  choice  of  the  set,  io‘''  *  satisfies  the  constraint  and  is  such  that  g(co''’)  =  I  la.  Consider  next  a  second, 
arbitrary  set,  distinct  from  the  first  set,  di''*  (r  «  l,...,n),  such  that  tu-  1.  and  let  0*'’ » oi*'’.  Then, 
substitution  of  this  second  set  into  (B2)  leads  to 


^.1 


f*'* 


f-  I  »  *  f  ■  »  * 


(B3) 


where  we  have  used  the  fact  that  0  »  0.  Hence,  identity  (Bl )  is  demonstrated.  In  the  body  of  the  paper,  we  replace 
o)''’  by  (1  with  an  appropriate  modification  for  the  constraint. 
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APPENDIX  C:  A  SIMPLIFIED  EXPRESSION  FOR  THE  EFFCTIVE  STRESS/STRAIN 

RELATIONS 

Consider  the  following  form  for  the  effective  energy  function  (26)  of  the  incompressible  lan.iruicc  L  omposiie 


I  =  min  y 


t"'  =  y{fp'+fi)(i-<o''')'+f^ 

As  shown  in  the  body  of  the  paper,  we  can  eliminate  the  constraint  co  =  0  by  letting 


0)'"  =  --Irl't''’"*"’. 


and  rewriting  (C 1 )  in  terms  of  the  n  -  1  optimization  variables  «»*'’  (r  =  l....,n— l)via 


r.-i 
nin  <  y 


where  the  variables  t“'  (r  =  I . /i  —  1 )  are  the  same  as  before,  but  on  the  other  hand 


r'"’  =  ^  Z  ^“’<1)'''^  +f^. 

Then,  the  n  —  I  optimization  conditions  of  (C3)  are  given  by  the  relations 

+  =  ^  (r=  I . n-1).  (C4) 

If  we  now  denote  the  optimal  variables  to*'’,  satisf^ng  (C4),  by  to''’  (r  *  1 . n  —  1),  the  effective  energy 

function  of  the  incompressible  laminate  may  then  be  written  in  the  form 

0(i)  =  +c'’V”(t'"’),  (C5) 


fii  _  _  (jW)  and  f<")  _  ^ ^  J  c"’co"’'j  +f,^ 

It  follows  that  effective  stress/strain  relations  of  the  laminated  composite  may  be  computed  from  the  relations 

We  note  that  each  of  the  terms  in  the  last  summation  of  (C6)  is  identical  to  zero  by  virtue  of  the  optimizations 
conditions  (C4).  Thus,  in  the  computation  of  the  effective  stiess/strain  relations,  we  may  regard  the  optimizations 
variables  as  constants  as  far  as  derivatives  with  respect  to  «  are  concerned,  to  obtain  the  final  remit 

where  to'”  is  defined  via  the  relation  (C2)  in  terms  of  the  other  w"’  (r  =  I . n-  1). 

It  can  be  shown  that  an  analogous  result  may  be  obtained  for  the  nonlinear  compressible  composite  with 
effective  energy  function  0  given  by  (37).  In  fact,  we  may  write  the  effective  stress/strain  relations  lor  the  nonlinear 
compressible  laminate  in  the  form 
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c 


Cl/,'" 

Co 


(C8) 


where  fj'',  and  dj;;’  are  evaluated  from  (36)  at  the  optimal  values  of  to"',  and  denoted  hy  and  oil;’, 
respectively.  Here,  the  derivatives  with  respect  to  the  average  stress  i  are  evaluated  with  oil",  tmd  uiH’  fixed. 


APPENDIX  D  .  AN  ALTERNATIVE  DERIVATION  OF  EXPRESSION  <3/) 

Having  obtained  expressions  (35)  and  (37)  for  the  effective  energy  functions  of  the  linear  and  nonlinear 
laminated  composites  Oa  and  0.  respectively,  we  note  that  the  form  of  these  expressions  is  reminiscent  of  the  type 
of  result  that  one  would  expect  from  direct  utilization  of  the  principle  of  minimum  complementary  energy  (4).  In 
this  appendix,  we  briefly  show  that  results  (35)  and  (37)  for  Co  and  0.  respectively,  can  indeed  be  alternatively 
obtained  from  the  principle  of  minimum  complementary  energy.  It  is  important  to  emphasize,  however,  that  while 
the  derivations  given  in  the  body  of  the  paper  result  from  straightforward  computations. -the  present  derivations 
based  on  the  principle  of  minimum  complementary  energy  rely  more  directly  on  the  physics  of  the  problem,  and 
were  motivated  by  the  prior  derivations.  Additionally,  the  case  of  a  laminated  composite  is  a  very  special 
microstructure :  in  general,  we  do  not  expect  that  we  will  be  able  to  use  the  approach  of  this  appendix  for  nonlinear 
composites  with  more  general  anisotropic  microstructures. 

We  begin  with  the  derivation  of  the  linear  result  (35).  We  have  already  mentioned  that  the  stress  field  within 
the  laminated  composite  is  piecewise  constant,  i.e.  of  the  form 

tr=Z  z''’(x-n)<»‘'’. 

r  s  I 

where  o'"  corresponds  to  the  constant  stress  field  in  phase  r.  The  problem  then  reduces  to  that  of  finding  these 
unknown  phase  stresses  o'",  together  with  the  corresponding  constant  strain  fields  t'"  (related  to  the  stresses  by 
the  phase  constitutive  relations),  and  satisfying  the  conditions  of  continuity  of  the  traction  stresses  and  tangential 
strains  across  the  interfaces  between  the  phases,  as  well  as  the  averaging  conditions  stated  in  Section  2. 

la  this  connection,  the  interior  and  exterior  projection  operators  of  Hill  (1972.  1983)  F  =  and 

E  =  E'^*  +  E'*'  (refer  to  Appendix  A),  respectively,  turn  out  to  be  useful  because  they  allow  the  decomposition  of 
any  symmetric,  second-order  tensor  into  its  tangential  (interior)  and  traction  (exterior)  components  (with  reference 
to  a  boundary  with  normal  a).  Thus,  the  tangential  components  of  the  strain  (which  must  be  continuous  across 
interfAaal  boundaries  on  the  laminat^  composite)  are  given  by  Ft.  and.  correspondingly,  the  traction  components 
of  the  stress  (which  must  also  be  continuous  across  the  interfacial  boundaries)  are  given  by  Ee.  Alternatively,  we 
may  state  that  E‘^’e,  E'^W  and  E''’t,  E'^U  must  also  be  continuous  across  such  boundaries. 

Next,  we  apply  the  above  results  to  the  laminated  composite,  for  which  the  interfacial  boundaries  are  all 
perpendicular  to  a  fixed  vector  n.  Since  the  traction  stresses  must  be  continuous  from  phase  to  phase,  we  have 
that 


E'V’  =  E'''e,  and  E' V’ =  E'*'e.  (DI) 

where  we  have  additionally  made  use  of  the  average  stress  condition  given  in  Section  2.  We  continue  by  noting 
that  for  an  isotropic  material  (as  are  all  the  phases  in  the  our  laminate).  E*^W'’  =  2tii)'’E'’’i''’  within  each  linear 

phase,  and  therefore  for  an  isotropic  phase  the  E'^'  projection  of  the  stress  tensor  must  have  the  same  direction 

in  all  phases.  Thus,  applying  the  averaging  condition  for  the  stresses,  we  arrive  at 

E'V'’  =  (l-tu''’)E'V  (D2) 

where  the  variables  o>i"  must  satisfy  the  condition  that  to,  =  0.  Additionally,  since  the  E' "-projection  is  one¬ 
dimensional,  it  follows  that  the  E'  "-projections  of  the  stress  tensor  must  also  be  parallel  from  phase  to  phase. 
Therefore,  applying  the  averaging  condition  for  the  stresses,  we  have  that 

E"'ff''>  =  (l-(u;;>)El"«,  (D3) 

where  the  variables  toj;’  must  satisfy  the  condition  that  di„  =  0.  We  note,  however,  that  if  E' =  0  (or.  equivalently, 
if  Of,  =  0).  the  above  result  does  not  hold,  because  in  this  case  the  corresponding  projections  of  the  stress  in  the 
phases  need  not  vanish  (only  their  average  needs  to  vanish). 

Applying  the  results  of  Appendix  A  {in  particular.  (A6)I,  we  conclude  that  the  isotropic  invarianu  of  the 
stress  tensor  within  each  phase  and  Cn’  (on  which  the  energy-density  functions  of  each  isotropic  phase  depend) 
are  precisely  those  given  by  relations  (36).  Therefore,  it  follows  from  the  principle  of  minimum  complementary 
energy — by  minimizing  over  the  set  of  admissible  stresses  (i.e.  over  the  optimizing  variables  aii"  and  cuj;’  subject 
to  the  constraints  cu,  =  0  and  (o„  =  0) — that  the  effective  energy  function  Oo  of  the  linear  composite  is  indeed 
given  by  expression  (35). 

For  the  nonlinear  laminated  composite,  we  observe  that  the  same  analysis  given  above  would  also  work, 
leading  to  expression  (37)  for  0.  The  only  modification  that  is  required  in  this  analysis  is  that  for  a  nonlinear 
isotropic  phase  (say  phase  r).  the  relation  E'"*"’  =  2#i!,'’E'''«'''  would  not  hold,  but  it  can  be  easily  shown  that 
for  the  nonlinear  isotropic  material  of  the  type  considered  in  this  work,  the  conclusion  (D2)  would  still  hold,  and 
hence  the  final  form  for  0  would  be  the  same  as  that  for  the  linear  laminated  composite 

We  conclude  this  appendix  by  stating  an  alternative  form  of  (35)  and  (37)  that  works  even  when  dp  =  0.  This 
is  accomplished  by  redefining  the  optimizing  variables  to"'  in  terms  of  the  new  vanables 
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Abstract 

In  this  paper,  we  make  use  of  a  procedure  for  estimating  the  effective  properties  of  nonlinear 
composite  materials,  proposed  recently  by  Ponte  Castaneda  (1991a),  to  study  the  effective 
constitutive  behavior  of  ductile  fiber-reinforced  composites.  Both  estimates  and  rigorous  bounds 
are  obtained  for  the  effective  energy  functions  of  multiple-phase  fiber  composites  with  general 
plastic  behaviors  (in  the  context  of  deformation  theory  of  plasticity)  for  the  isotropic  constituent 
phases.  The  resulting  expressions  for  the  energy  functions  may  be  differentiated  in  a 
straightforward  manner  to  obtain  corresponding  estimates  for  the  anisotropic  effective  stress-strain 
relations.  Explicit  calculations  are  carried  out  for  the  case  of  an  aluminum-matrix  composite 
reinforced  with  boron  fibers.  The  results  reveal  some  interesting  features  distinguishing  the 
constitutive  behavior  of  plastic  fiber  composites  fi'om  that  of  linear-elastic  fiber  composites.  One 
such  feature  is  the  strong  coupling  between  the  dilatational  and  distortional  modes  for  the  plastic 
fiber  composites.  Finally,  comparisons  are  made  with  available  experimental  data. 
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1.  Introduction 

Fiber-reinforced  composites  are  commonly  used  materials,  and  their  mechanical  properties 
have  been  the  subject  of  extensive  investigations.  However,  most  of  the  work  to  date  has 
addressed  exclusively  the  /i/ifi’ar-elastic  behavior  of  these  materials;  details  and  references  can  be 
found  in  a  report  by  Hashin  (1972)  and  review  articles  by  Willis  (1981, 1982)  and  Hashin  (1983). 
In  this  paper,  we  are  concerned  wiJi  the  overall  behavior  of  fiber-reinforced  composites  in  which 
one  or  more  of  the  phases  undergoes  plastic  deformation.  The  number  of  papers  dealing  with  this 
aspect  of  the  behavior  of  fiber  composites  is  comparatively  small.  Next,  we  give  a  brief  review  of 
some  of  the  relevant  contributions. 

Among  the  first  contributions.  Hill  (1964b)  extended  analogous  results  for  the  overall  elastic 
moduli  of  linear-elastic  fiber  composites  (Hill  1964a)  to  obtain  corresponding  estimates  for  the 
incremental  moduli  of  ductile  fiber  composites  (in  the  context  of  flow  theory  of  plasticity).  An 
alternative  approach  using  the  methods  of  limit  analysis  to  estimate  the  overall  yield  strength  of 
composites  (see  Drucker  1959)  was  applied  by  Shu  and  Rosen  (1967),  Majumdar  and  McLaughlin 
(1975)  and  de  Buhan  et  al.  (1990)  to  fiber  composites.  Micromechanical  models  involving  some 
empirical  adjustments  were  developed  by  Hashin  et  al.  (1974),  Dvorak  and  Bahei-El-Din  (1987) 
and  Sun  and  Chen  (1991),  among  others,  to  predict  the  yielding  and  post-yielding  behavior  of 
fiber  composites.  The  predictions  of  some  of  these  models  were  tested  experimentally  by  Dvorak 
et  al.  (1988)  on  a  boron/;’ ’uminum  system.  More  recently,  Zhao  and  Weng  (1990)  developed  an 
approximate  procedure,  based  on  the  Mori-Tanaka  (1973)  method,  for  estimating  the  effective 
constitutive  relations  of  composites  reinforced  by  aligned  spheroidal  inclusions,  which  include 
fibers  as  a  special  ca.se.  On  the  other  hand,  Talbot  and  Willis  (1991)  provided  rigorous  bounds  for 
the  effective  energy  functions  of  ductile  fiber-reinforced  composites  by  application  of  the  nonlinear 
generalization  of  the  Hashin  and  Shtrikman  (1962)  variational  principles  due  to  Talbot  and  Willis 
(1985).  These  authors  carried  out  explicit  calculations  for  the  case  of  incompressible  fiber- 
reinforced  composites.  Ponte  Castaneda  (1992)  has  also  obtained  simple  bounds  and  estimates  of 
the  Hashin-Shtrikman  type  for  the  effective  energy  functions  of  incompressible  fiber  composites 
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through  a  different  variational  procedure,  developed  by  Ponte  Castaneda  (1991a).  Finally,  Suquet 
(1992)  made  use  of  an  altogether  different  method  to  obtain  bounds  for  the  overall  energy 
functions  of  power-hardening  materials  weakened  by  cylindrical  voids. 

Our  aim  in  this  paper  is  to  develop  and  generalize  the  results  of  Ponte  Castaneda  (1992)  for 
fiber-reinforced  composites.  The  method  used  is  based  on  a  variational  principle  that  enables  the 
expression  of  the  effective  energy  functions  of  nonlinear  composites  in  terms  of  optimization 
problems  involving  the  effective  moduli  of  appropriate  families  of  linear  comparison  composites. 
Thus,  the  variational  principle  suggests  a  procedure  for  generating  bounds  and  estimates  for  the 
effective  behavior  of  nonlinear  composites  from  known  estimates  and  bounds  for  linear  composites 
with  similar  microstructures.  The  procedure  was  applied  by  Ponte  Castaneda  (1991a,  b;  1992)  to 
statistically  isotropic  composites  with  general  isotropic  constitutive  behaviors  for  the  phases.  The 
specific  examples  of  nonlinear  materials  reinforced  by  rigid  and  linear-elastic  inclusions,  or 
weakened  by  voids,  were  considered  in  these  references.  The  procedure  may  also  be  applied  to 
anisotropic  composites.  This  has  been  done  in  some  detail  by  deBotton  and  Ponte  Castaneda 
(1992)  for  ductile  laminated  composites.  In  this  work,  we  continue  our  study  of  the  behavior  of 
anisotropic  nonlinear  composites  by  considering  the  application  of  the  procedure  to  transversely 
isotropic,  fiber-reinforced  composites  with  general  compressible  behavior  for  the  isotropic  phases. 

The  rest  of  the  papei  is  arranged  as  follows.  In  Section  2,  we  review  the  definition  of 
effective  properties  and  recall  the  variational  principle  of  Ponte  Castaneda  (1992).  Next,  in  Section 
3,  we  make  use  of  the  bounds  of  Hill  (1964a)  and  Hashin  (1965)  for  linear-elastic  fiber  composites 
to  generate  corresponding  bounds  and  estimates  for  ductile  fiber  composites.  In  sections  4,  5  and 
6,  we  consider  some  special  classes  of  fiber-reinforced  composites,  for  which  the  expressions  for 
the  bounds  and  estimates  of  Section  3  may  be  simplified  further.  Thus,  we  consider  the  cases  of 
general  multiphase  incompressible  fiber  composites,  hollow-fibers  composites,  and  two-phase, 
compressible  metal-matrix  composites.  Finally,  in  Section  7,  we  compute  the  effective  stress-strain 
relations  of  a  specific  aluminum-matrix  composite,  reinforced  by  linear-elastic  boron  fibers. 
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2.  Effective  properties  and  their  variational  characterization 

In  this  section,  we  briefly  review  the  definition  of  effective  properties  and  their  variational 
characterization.  More  general  discussions,  in  the  context  of  the  inelastic  behavior  of  composite 
materials,  may  be  found  in  the  articles  of  Hill  (1967)  and  Suquet  (1985).  For  our  purposes,  a 
composite  is  a  heterogeneous  material  made  up  of  two  or  more  distinct  phases,  and  characterized 
by  two  separate  length  scales:  a  macroscopic  scale  L,  and  a  microscopic  scale  /,  such  that  I  «L. 
The  macroscopic  scale  describes  the  gross  size  of  the  specimen  and  the  scale  of  variation  of  the 
applied  loading,  and  the  microscopic  scale  characterizes  the  size  of  the  typical  inhomogeneity  in  the 
material.  Thus,  a  composite  is  microscopically  heterogeneous,  but  macroscopically  homogeneous. 

We  consider  a  representative  specimen  of  the  composite  Q,  with  boundary  dQ..  For 
simplicity,  we  choose  units  such  that  the  volume  of  the  specimen  is  unity.  We  assume  that  the 
constitutive  behavior  of  the  distinct  phases  in  the  composite  is  characterized  by  the  deformation 
theory  of  plasticity  or,  equivalently,  by  nonlinear  infinitesimal  elasticity.  However,  we  note  that  the 
usual  approximate  extensions  may  be  made  for  composite  materials  characterized  by  the  flow 
theory  of  plasticity  (see  Budiansky  1959  and  Hashin  et  al.  1974).  Thus,  at  a  point  x  eft,  the 
relation  between  the  strain  field  e(x)  and  the  stress  field  a(x)  is  given  by 


(1) 


e(x) 


3U{x,o) 
da  ’ 


where  U{\,a)  is  the  local  complementary  energy-density  function  of  the  composite. 

Then  (following  Hill  1963),  when  the  composite  is  subjected  to  the  uniform  traction 
condition 


(2)  an  =  OT,  xedCl, 

where  n  is  the  outward  unit  normal  to  and  a  is  a  constant  symmetric  tensor,  its  effective 
behavior  may  be  characterized  in  terms  of  the  effective  complementary-energy  function  U ,  such 


that 

(3) 


e  = 


dU 

da' 
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where  e  is  the  mean  value  of  the  strain  field.  We  also  recall  that  under  the  boundary  condition  (2), 
the  mean  value  of  the  stress  field  is  precisely  a. 

In  view  of  (3),  the  problem  of  characterizing  the  effective  behavior  of  the  composite  reduces 
to  that  of  computing  its  effective  complementary  energy-density  function  U .  This  may  be 
accomplished  directly  by  means  of  the  principle  of  minimum  complementary  energy,  stating  that 

(4)  ^(a)=  min  I  f/(x,a)dv, 

0€5(o)  I 

n 

where 

(5)  5(a)  =  {a|  V  a  =  0  infi,  and  an  =  OT  on 

is  the  set  of  statically  admissible  stress  fields.  The  variational  principle  (4)  is  equivalent  to  a 
standard  boundary  value  problem,  governed  by  the  equilibrium  and  the  compatibility  equations, 
together  with  the  boundary  conditions  (2).  We  note  that  composite  materials  may  exhibit  sharp 
interfaces  across  which  material  properties  are  discontinuous.  Consequently,  at  these  interfaces, 
the  equilibrium  and  compatibility  equations  must  be  interpreted  in  their  weak  forms  enforcing 
continuity  of  the  tractions  and  of  the  tangential  components  of  the  strain  tensor,  respectively. 

In  addition  to  the  analytical  difficulties  associated  with  the  heterogeneity  of  the  problem, 
difficulties  also  arise  because  of  the  nonlinearity  of  the  problem.  Precisely  to  deal  with  this  later 
difficulty,  a  variational  procedure  was  introduced  by  Ponte  Castaneda  (1991a,  1992).  This 
procedure  is  based  upon  a  variational  principle  that  expresses  the  effective  energy  function  of  a 
given  nonlinear  composite  in  terms  of  an  optimization  problem  involving  the  effective  energy 
functions  of  a  class  of  linear  comparison  composites.  Consequently,  well-known  estimates  and 
bounds  for  the  effective  energy  functions  of  linear  composites  may  be  used  to  generate 
corresponding  estimates  and  bounds  for  the  effective  energy  functions  of  nonlinear  composites. 
Here,  we  will  make  use  of  this  method,  together  with  existing  results  for  linear-elastic  fiber 
composites,  to  obtain  bounds  and  estimates  for  the  behavior  of  nonlinear,  ductile  fiber  composites. 
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We  will  restrict  ourselves  to  composites  where  all  the  individual  constituents  are  isotropic 
with  energy-density  functions  depending  only  on  the  first  and  second  isotropic  invariants  of  the 
stress  tensor.  Thus,  the  local  complementary  energy  function  may  be  expressed  in  the  form 
(6)  f/(x,a)=  V'(x;T„t7„), 

where  is  a  nonnegative  function,  which  is  convex  in  its  last  two  arguments  and  satisfies  the 
condition  vr(x;0,0)  =  0  for  all  x .  The  precise  definitions  of  the  two  isotropic  invariants,  the  mean 
(hydrostatic)  stress  cr„  and  the  effective  shear  stress  t,,  are  given  by  relation  (1.2).  Additionally, 
we  assume  that  there  exists  a  function  /(x,v,,v„)  =  \i/{x,  t,, aj)  with  v,  =  and  =  <t^,  such 
that  /  is  convex  in  its  last  two  arguments  (this  is  the  so-called  strong  convexity  hypothesis).  This 
assumption,  implying  that  the  dependence  of  U  on  the  magnitude  of  the  stress  tensor  is  stronger 
than  quadratic,  is  consistent  with  the  anticipated  behavior  of  elastoplastic  materials. 

In  the  remainder  of  this  section,  we  briefly  review  the  variational  principle.  For  further 
details,  we  refer  the  reader  to  Ponte  Castaneda  (1992).  First,  we  note  that  under  the  above  strong 
convexity  assumption,  the  energy-density  function  U  admits  the  representation 


(7) 

where 

(8) 


J/(x,o)=  max  {U,(x.o)-V(x;;<„, *•„)}, 
(/„(x,a)=  _  \  \ 


2/z„(x)  '  2k-„(x) 

corresponds  to  the  local  energy-density  function  of  a  linear-elastic  solid  with  shear  modulus 
and  bulk  modulus  v„(x),  and  where 

(9)  V(x;/t„,K-J  =  max{(/„(x,a)-(/(x,a)}. 

Then,  substitution  of  (7)  into  (4)  yields  the  variational  statement 

(10) 


U(a)=  max 

(x)20 


where 

(11) 


-  J  V(x;/tjx),  Kjx))  dx 

a 

J' 


(/^(a)=  min  U„ix,G)dx, 

aeS(a)  * 
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is  the  effective  energy  function  of  the  linear  comparison  composite  with  local  energy-density 
function  ,  as  given  by  relation  (8).  We  emphasize  that,  under  the  strong  convexity  hypothesis, 

the  variational  statement  (10)  (in  terms  of  the  linear  comparison  composite)  is  completely 
equivalent  to  the  classical  principle  of  minimum  complementary  energy. 

Next,  we  specialize  the  above  variational  statement  to  the  case  of  composites  with  distinct 
homogeneous  phases.  Thus,  we  consider  composites  made  up  of  n  isotropic  phases.  Each  phase  is 
governed  by  an  arbitrary  complementary  energy-density  function  satisfying  the  strong  convexity 
assumption,  with  U^'\<s)=  (r  =  l,..,/i).  Then,  the  local  energy  function  of  the 

composite  may  be  written 

n 

(12)  f/(x,a)  = 

r=l 

where  (equals  1  when  x  is  in  phase  r,  and  0  otherwise)  is  the  characteristic  function  of  the  rth 
phase.  The  volume  fraction  of  the  rth  phase  is  given  by 

(13)  c^''>  =  ^x^'\%)dx. 

a 

An  estimate  for  the  effective  energy  function  of  the  nonlinear  composite  may  be  obtained  by 
restricting  the  set  of  arbitrary  comparison  moduli  li„{x)  and  k^{\)  in  (10),  to  the  set  of  piecewise 

constant  moduli  (with  a  different,  but  constant,  modulus  over  each  phase).  Consequently,  the 
variational  principle  (10)  yields  a  bound  for  the  effective  energy  function  of  the  nonlinear 
composite  (Ponte  Castaneda  1992),  given  by 


(14) 

U(G)>  max  f7„(a)-y  c<^ 

where 

.  ^=1 

(15) 

and 

U^'ha)  =  — Vt  ^ ^  • 

(16) 
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In  (14),  Og  corresponds  to  the  effective  complementary-energy  function  of  a  linear  composite  with 
the  same  distribution  of  phases  as  the  nonlinear  composite,  i.e., 

Q  r=l 

Thus,  each  phase  is  homogeneous  and  isotropic  with  shear  and  bulk  moduli  and  kI'\ 
respectively.  We  emphasize  that  expressions  for  ,  in  the  form  of  bounds  and  estimates  of 

various  types,  are  available  in  the  literature  for  several  classes  of  composite  materials,  including 
fiber  composites.  We  note  that  lower  bounds  for  lead  through  (14)  to  corresponding  lower 
bounds  for  U ,  while,  on  the  other  hand,  upper  bounds  for  lead  only  to  estimates  for  the 
corresponding  upper  bounds  for  U  (we  call  such  estimates  upper  estimates). 

3.  Application  to  elastoplastic  fiber  composites 

In  this  section,  we  apply  the  procedure  described  in  the  previous  section  to  obtain  bounds 
and  estimates  for  the  effective  behavior  of  elastoplastic  fiber  composites.  Henceforth,  the  term 
fiber  composites,  is  used  to  describe  the  class  of  /i-phase  composites  with  prescribed  volume 
fractions  of  the  isotropic  phases,  and  overall  transversely  isotropic  symmetry.  Thus,  the 
microstructure  of  this  class  of  materials  is  characterized  by  a  statistically  isotropic  distribution  of 
the  phases  in  the  plane  transverse  to  the  symmetry  axis  n  (see  Figure  1).  In  Appendix  I,  we  briefly 
review  some  of  the  properties  of  transversely  isotropic  materials,  which  will  be  quoted  as  needed 
in  the  developments  to  follow. 

We  begin  by  considering  the  general  case  of  n-phase  fiber  composites.  Thus,  we  provide 
rigorous  lower  bounds,  as  well  as  upper  estimates,  for  the  effective  energy  functions  of  such 
composites.  In  addition,  we  also  provide  corresponding  expressions  for  the  effective  stress-strain 
relations  of  such  composites.  The  lower  bounds  and  upper  estimates  for  the  effective  energy 
functions  of  the  nonlinear  composites  are  obtained  via  the  procedure  described  in  Section  2  in 
terms  of  the  corresponding  bounds  for  the  effective  energy  functions  of  the  class  of  linear, 
n-phase,  comparison  fiber  composites. 
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The  constitutive  behaviors  of  the  phases  of  the  linear  comparison  composite  may  be 
expressed  via  the  fourth-order  elasticity  tensors 


(17) 


where  the  expressions  for  K  and  J,  the  isotropic  projections  of  the  identity  tensor,  are  given  by 
relation  (1.1).  The  corresponding  energy-density  functions  are  given  by  (16).  Bounds  of  the 

Hashin-Shtrikman  (1962)  type  for  this  class  of  linear  composites  were  given  by  Hill  (1964a), 
Hashin  (1965)  and  Walpole  (1969). 
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Following  Walpole's  representation,  we  have  the  following  lower  bound  for  the  effective 
energy  function  of  the  linear  comparison  composite,  namely, 

(18)  = 


where 

(J9)  = 

In  this  later  relation, 

(20) 


r=l 


^  2/t  [in  v  +  i/tf  2n 


where  the  tensors  (<7  =  1,..„4),  the  four  transversely  isotropic  projections  of  the  identity 
tensor,  are  given  by  relation  (1.4),  and  =  max|/i^'^},  =max|K‘^'^^|.  Then,  upon 

substitution  of  (18)  into  (14),  the  corresponding  lower  bound  for  the  effective  energy  function  of 
the  nonlinear  fiber  composite  becomes 


(21) 


^‘“■*(a)  =  max 


n 


r=l 


where  the  functions  are  given  by  relations  (15). 

Moreover,  it  is  demonstrated  in  Appendix  11  that,  once  the  optimization  problem  (21)  is 

solved,  the  corresponding  estimates  for  the  effective  stress-strain  relations  are  given  by 

(22) 

where  and  are  the  optimized  values  of  the  variables  and  respectively.  We  note 

that,  in  spite  of  its  appearance,  (22)  is  not  a  linear  relation  between  the  average  stress  and  strain. 
This  is  because  depends  on  the  average  stress  through  and  k^'K  We  also  note  that 

expressions  for  the  stress-strain  relations  derived  from  bounds  on  the  effective  energy  are  not 
guaranteed  to  be  bounds  for  the  effective  stress-strain  relations  of  the  composite. 

Expressions  for  an  upper  estimate  for  U,  denoted  17"“*’,  may  be  obtained  in  an  analogous 
manner.  Thus,  the  upper  estimate  for  the  effective  energy  functions  of  the  nonlinear  fiber 
composites  is  given  by  a  relation  similar  to  (21)  with  ’  replaced  by 
(23) 
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In  this  expression,  M*"**’  is  given  by  a  relation  analogous  to  relation  (19),  except  that  and 
are  replaced  by  =  min|)U^'^^|  and  =  min|>r^'^^|,  respectively.  The  associated  expressions 

for  the  effective  stress-strain  relations  are  similar  to  relations  (22),  and  are  given  in  terms  of 
where  and  are  now  the  optimized  values  of  the  variables  and 

arising  from  the  solution  of  the  optimization  problem  for 

From  a  practical  point  of  view,  the  class  of  two-phase,  transversely  isotropic  fiber-reinforced 
composites  is  probably  the  most  important.  For  this  case,  Upton  (1991)  has  shown  that  the  linear 
bounds  (18)  and  (23)  are  optimal.  Thus,  the  lower  bound  is  attained  by  a  fiber  composite  made  up 
of  a  matrix  of  the  stiffer  phase  weakened  by  fibers  of  the  softer  phase,  while  the  upper  bound  is 
attained  by  a  fiber  composite  made  up  of  a  matrix  with  the  more  compliant  phase  reinforced  by 
fibers  of  the  stiffer  material.  Therefore,  the  linear  bounds  and  may  be  regarded  as 

estimates  for  the  effective  energy  functions  of  these  two  types  of  linear-elastic,  fiber-reinforced 
composites,  respectively.  It  follows  from  the  discussion  of  Section  2  that  ’  and  may  be 
also  regarded  as  estimates  for  the  effective  energy  functions  of  the  corresponding  extremal 
nonlinear  fiber  composites.  Thus,  we  may  regard  the  lower  bound  (upper  estimate)  as  an  estimate 
for  the  effective  energy  function  of  a  nonlinear  fiber  composite  involving  fibers  (matrices)  of  the 
weaker  phase,  and  matrices  (fibers)  of  a  stiffer  material.  In  particular,  the  associated  expressions 
for  the  stress-strain  relations  may  also  be  used  as  estimates  for  the  behaviors  of  these  two  types  of 
extremal  nonlinear  fiber  composites.  In  Sections  6  and  7,  we  will  discuss  this  possible 
interpretation  of  the  results  in  more  detail. 

To  conclude  this  section,  we  note  that  the  representations  for  the  lower  bound  and  the 
upper  estimate  are  given  in  terms  of  4/i-dimensional  optimization  problems.  From  a 
computational  point  of  view,  obtaining  the  solutions  of  these  problems  is  straightforward,  specially 
because  the  functions  K*'*  are  convex  in  the  optimization  variables  and  Nevertheless,  in 

some  cases,  these  representations  can  be  simplified  further  with  the  help  of  the  identity  given  in 
Appendix  III.  In  the  following  section,  dealing  with  the  special  case  of  incompressible  fiber 
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composites,  we  make  use  of  this  approach.  In  later  sections,  we  consider  the  more  complicated 
case  of  compressible  fiber  composites. 


4.  The  incompressible  fiber-reinforced  composites 

In  this  section,  we  are  concerned  with  fiber  composites  that  are  made  up  of  n  incompressible 
phases  (and  are  hence  incompressible).  Neglecting  dependence  on  the  third  invariant  of  the  stress, 
we  have  that  the  complementary  energy-density  functions  of  the  phases  depend  only  on  the 
effective  shear  stress,  i.e., 


(24) 

Then,  expression  (21),  together  with  (15),  reduces  to  the  following  expression  for  the  lower 
bound  on  the  effective  energy  function  of  the  nonlinear  fiber  composite,  namely. 


ft 


In  the  above  relation,  the  lower  bound  for  the  effective  energy  function  of  a  linear 
comparison  composite  (made  up  of  n  incompressible  isotropic  phases)  is  given  by  relation 
(18),  with  =<»  (r  =  l,...,n)  in  expressions  (19)  and  (20)  for  and  M*,  respectively. 
Then,  by  means  of  identity  (111.2),  may  be  rewritten  in  the  form 


(26)  £/r-’(5)  =  im{!> 

0=1 

where  the  optimization  variables  are  subject  to  the  constraint  =  I,  and  satisfy  the 

r=l 

symmetry  conditions  In  general,  expression  (26)  involves  optimization  over  36/i 

entries  of  the  However,  due  to  the  symmetries  of  the  tensors  and  M*,  only  6n  non-zero 

entries  are  needed.  Thus,  the  optimization  variables  may  be  chosen  in  the  form 

6 

(27)  = 

^=1 


rs 
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where  the  definitions  of  and  E'®’  are  given  in  Appendix  I,  and  where  the  optimization 
constraint  implies  that  cJ,  =1,  {q  =  1, 2, 3, 4)  and  57,  =0,  {q  =  5, 6).  With  this  choice  for  the 

’  can  be  expressed  in  terms  of  the  three  incompressible  transversely  isotropic  invariants  of  a, 
namely,  the  deviatoric  shear  stress  the  transverse  shear  stress  and  the  longitudinal  shear 
stress  T„  (see  Appendix  I).  Furthermore,  ‘  depends  on  these  three  invariants  and  the 
(<?  =  1,...,6)  only  through  the  following  An  groups 


(28)  and  r„co['\ 

However,  following  a  procedure  similar  to  the  one  described  in  Appendix  II  [see  the  discussion 

proceeding  equations  (II.  8)]  to  eliminate  the  optimization  constraints,  and  using  the  identity 
m^{/(A:  +  y)  +  g(a:)}  =  m^{/(jr)}  +  m^{g(j:)},  the  number  of  the  optimization  variables  can  be 

further  reduced  to  2n  variables.  In  terms  of  these  variables,  the  lower  bound  for  the  effective 
energy  function  of  the  linear  comparison  composite  becomes 

(29) (;r->(o)=^Uun  •  +  +  +  • 


Upon  substitution  of  (29)  into  (25),  we  arrive  at  following  expression  for  the  lower  bound 
for  the  effective  energy  function  of  the  nonlinear,  incompressible  fiber  composite  namely, 

n 

(30)  l7‘'"‘’(a)  =  min  min  +  •, 


where 


=  ^|(^p  +  +  ,  (r  =  1 . n;  r  ^  s). 


Expression  (30)  was  obtained  from  (25)  by  interchanging  the  order  of  the  optimization  operations 
over  the  variables  and  the  co^'\  rj^'^  variables,  respectively.  This  is  allowed  by  the  Saddle 
Point  Theorem  (Rockafellar  1970,  Corollary  37.3.1)  since  the  functions  (-V'*"')  are  concave  in  the 
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variables  while  (29)  is  convex  in  the  variables  and  We  also  made  use  of  the 
equality  (7),  specialized  to  each  of  the  phases.  Finally,  we  note  that  there  are  n  "branches"  (one  for 
each  phase)  to  the  solution  of  (30),  and  that  the  minimum  over  all  the  branches  yields  the  desired 
lower  bound. 

Once  the  minimization  problem  (30)  is  solved,  an  estimate  for  the  associated  stress-strain 
relations  may  be  obtained  by  simple  differentiation  with  respect  to  a.  However,  from 
Appendix  II,  in  the  computation  of  the  effective  stress-strain  relations,  we  may  regard  the 
optimization  variables  co^'^  and  as  constants  as  far  as  derivatives  with  respect  to  a  are 
concerned.  Thus,  the  expressions  for  the  effective  stress-strain  relations  may  be  written 


where  and  are  the  optimized  values  of  the  variables  and  (from  30),  respectively. 

The  5-phase  in  the  above  expression  corresponds  to  the  branch  attaining  the  minimum  in  (30),  and 
the  expressions  for  and  are  obtained  from  (31). 


The  upper  estimate  for  the  effective  energy  function  of  the  nonlinear  incompressible  fiber 
composite  may  be  obtained  in  a  similar  manner.  Thus,  the  expression  for  the  upper  estimate  has 
precisely  the  same  form  as  the  lower  bound  (30),  except  that  the  minimum  over  all  phases  is 
replaced  by  a  maximum.  The  corresponding  estimate  for  the  effective  stress-strain  relation  may 
also  be  obtained  by  means  of  (32),  where,  in  this  case,  the  5-phase  corresponds  to  the  branch 
attaining  the  maximum  in  (30). 

The  representation  (30)  for  the  lower  bound  (or  the  upper  estimate)  involves  minimization 
problems  over  2n  constrained  variables.  However,  the  number  of  optimization  variables  can  be 
further  reduced  to  2(n-l)  unconstrained  variables  (see  Appendix  II).  For  example,  in  case  of  a 
two-phase,  incompressible  fiber  composite,  the  optimization  constraint  may  be  eliminated  by 
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letting  6)^*^  =l  +  c^^^(3D,  0)^^^  =l-c^‘^a),  =  l  +  c^^^7y,  and  77^^’  =  l-c^‘*r7.  In  terms  of  the  two 

unconstrained  variables  O)  and  rj ,  the  two  branches  of  (30)  are 


(33) 


and 


U^'\a)  =  min|c^'V^‘^^-^[(l  +  ^^^^^^f  +  +  j+... 

. .  .+c<">  -  c<'>a)f(Tj  +  T„')  +  (1  -  c^'^Tjf  x]  j| , 

U^"\a)  =  minjc^*^  +  ^^ )  +  (l  +  c^^^rjf  rj  j+. . . 

...+c<^  +  c“^n)^](Tj  +  T„^ )  +  (1  -  j|. 


Then,  the  lower  bound  and  the  upper  estimate  are  equal  to  the  smallest  and  the  largest  of  the  two 
branches,  respectively.  The  corresponding  estimates  for  the  effective  stress-strain  relations  are 
obtained  by  making  appropriate  use  of  (32). 

We  note  that  lower  bound  expressions  for  the  effective  energy  functions  of  incompressible 
nonlinear  fiber  composites  have  been  obtained  previously  by  Talbot  and  Willis  (1991).  These 
authors  made  use  of  the  Talbot-Willis  variational  method,  resulting  in  a  different,  more 
complicated,  form  for  the  bounds  than  the  form  presented  here.  We  also  note  that  expressions  (30) 
for  the  lower  bound,  and  the  analogous  expression  for  the  upper  estimate,  were  first  derived  by 
Ponte  Castaneda  (1992)  by  application  of  the  variational  principle  (10).  However,  the  derivation 
given  here,  in  terms  of  the  identity  (III.2),  is  different,  and  can  be  generalized  to  the  class  of 
compressible,  nonlinear  fiber  composites.  This  is  accomplished  in  the  next  section.  We  also  note 
that  expressions  (32)  for  the  effective  stress-strain  relations  of  the  fiber  composite  are  presented 
hCTe  for  the  first  time. 


5.  The  compressible  fiber-reinforced  composites 

With  the  insight  gained  in  the  previous  section,  we  attempt  in  this  section  to  obtain 
corresponding  results  for  n-phase  fiber  composites  with  compressible,  nonlinear,  isotropic  phases. 
Again,  we  will  make  use  of  the  identity  (III. 2)  in  the  expressions  for  the  bounds  of  the  linear 
comparison  composite.  Thus,  expressions  for  the  lower  bound  and  the  upper  estimate  for  the 


effective  energy  function  of  the  nonlinear,  compressible  fiber  composite  may  be  obtained  by 
following  exactly  the  same  steps  that  led  from  (25)  to  (30). 


We  begin  by  making  use  of  the  same  choice  for  the  optimization  variables  Q.  as  in  (27)  to 
rewrite  the  expression  for  in  terms  of  the  four  transversely  isotropic  invariants  of  a:  the 
in-plane  hydrostatic  stress  the  normal  tensile  stress  a„,  the  transverse  shear  stress  and  the 
longitudinal  shear  stress  T„  (see  Appendix  I).  Next,  we  observe  that  the  dependence  of  ’  on 
these  four  invariants  and  on  the  six  optimization  variables  (for  each  phase)  is  only  through  the 
following  4n  groups; 


(34) 


(Oc 
p  i 


n- 


and  T.O). 


-r 


Therefore,  following  the  same  method  as  in  the  case  of  the  incompressible  composite,  the  4n 
groups  of  (34)  may  be  replaced  by  the  4/i  groups:  and  respectively. 

Consequently,  the  lower  bound  for  the  effective  energy  function  of  the  linear  comparison 
composite  may  be  rewritten  in  the  form 


(35)  (7‘"^-’(a)  =  mm|^c<^>  ^ 


r=l 


(s  ,Jr)\'^  .  /=  .  j_/-=  _(r)  ^ 

3 


2/t 


(+) 

0 


5j(i  -  + ?.’(i  -  e'")’ 


+... 


/here 


(36) 

and  where  n  =  =  1,  0  =  1,  SJ  =  1,  0  =  l|  is  the  reduced  set  of  (constrained) 

optimization  variables.  We  note  that  the  choice  of  this  set  is  not  unique,  and  that  in  some  cases,  as 
when  0^=0  or  =0,  other  choices  may  be  preferred  (see  Section  6).  This  is  because 

expression  (35)  becomes  degenerate  when  =  0  or  =  0 . 
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With  expression  (35)  for  the  linear  lower  bound,  relation  (21)  leads  to  the  following  form  for 
the  nonlinear  lower  bound 


and  where 


Here,  we  have  made  use  of  the  Saddle  Point  Theorem  to  inv  rchange  the  order  of  the  minimum 
over  the  set  H  with  the  maximum  over  the  comparison  moduli  /i*'’’  and  .  We  have  also  made 

use  of  relation  (7)  specialized  to  each  of  the  phases  to  simplify  the  above  expression.  However,  it 
should  be  noted  that  relation  (7)  cannot  be  used  in  (39)  due  to  the  coupling  between  the  two 
optimization  variables  and  The  representation  (37)  involves  a  minimization  problem 

over  4/1  constrained  variables,  along  with  the  intermediate  four-dimensional  optimization  problem 
(39).  However,  the  constraint  can  be  easily  embedded  in  (37)  to  reduce  the  dimension  of  the 
optimization  problem  to  4(/i-l)  (see  Appendix  II).  Finally,  we  note  that  the  problem  (37)  has 
branches  (one  for  each  possible  combination  of  and  s^,S2  =  l,...,/i),  and  that  the  lower 

bound  is  then  obtained  by  taking  the  minimum  over  all  these  branches. 

The  upper  estimate  for  the  effective  energy  function  of  the  compressible,  nonlinear  fiber 
composite  may  be  obtained  in  a  similar  manner.  Thus,  the  expression  for  the  upper  estimate  has 
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precisely  the  same  form  as  that  for  the  lower  bound  (37),  except  that  the  minimum  over  all  possible 
combinations  of  and  is  replaced  by  a  maximum. 

On  the  face  of  it,  the  representation  (37)  for  the  lower  bound  (or  the  upper  estimate)  for  the 
effective  energy  function  of  the  nonlinear  fiber  composite  does  not  appear  to  offer  much  of  an 
advantage  over  the  previous  representation  (21).  However,  in  many  practical  applications, 
associated  with  special  classes  of  fiber-reinforced  composites,  further  simplification  of  the  above 
representation  is  possible.  For  example,  if  a  particular  phase,  say  phase  s,  is  stiffer  (weaker)  Uian 
the  others,  only  one  branch  of  the  solution  needs  to  be  evaluated  since,  in  this  case,  the  choice 
s^=S2=s  leads  to  the  lower  bound  (upper  estimate).  Further,  we  note  that  whenever  the 
intermediate  optimization  problem  (39)  can  be  solved  analytically,  the  representation  (37)  is 
preferable  because  it  involves  a  minimization  problem,  in  contrast  with  expression  (21)  which 
requires  the  solution  of  a  minimax  problem.  From  a  computational  point  of  view,  this  also 
eliminates  the  need  for  the  iterative  procedure  associated  with  the  evaluation  of  the  functions  in 
(21).  To  illustrate  this  point,  let  us  examine  the  class  of  compressible  fiber  composites  with  one  or 
more  incompressible  phases. 

Thus,  we  consider  a  compressible,  n-phase  fiber  composite,  with  at  least  one  incompressible 
phase.  Then,  the  minimum  in  (37)  is  given  by  the  trivial  choice  =«»,  which  enables  the 

evaluation  of  the  optimization  problem  (39).  Thus,  the  lower  bound  reduces  to  the  3/i-dimensional 
constrained  minimization  problem 


and 
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Within  this  class  of  composites,  of  particular  interest  is  the  sub-class  of  hollow-fibers 
composites,  for  which  the  above  expression  for  the  lower  bound  reduces  to  a  simple,  explicit 

result.  Thus,  we  take  the  complementary  energy-density  function  of  the  matrix  (phase  1)  to  be  of 
the  form  f/*'’(o)=  Correspondingly,  the  complementary  energy-density  function  of  the 

cylindrical  voids  (phase  2)  is  given  by  =  «>  if  o  0,  and  0  otherwise.  The  minimum  in 

(40)  is  trivially  attained  by  the  choice  ^  =  1  and  =  7]*^’  =  0.  The  values  of  the  variables 

0*9  and  ?J*‘'  then  follows  from  the  optimization  constraint.  Substitution  of  these  values  into 
(40),  leads  to  the  following  expression  for  the  lower  bound  of  the  hollow-fibers  composites 

(42)  Lr"'^-'(a)  =  (l-c)v^  +  +  > 

where  c  =  is  the  volume  fraction  of  the  voids.  The  corresponding  estimate  for  the  stress-strain 
relation  may  be  easily  derived  with  the  help  of  (1.12).  We  note  that  when  Y{t^)  =  ,  where 

a  is  a  non-negative  constant  and  /i>l,  the  above  result  reduces  to  the  lower  bound  derived 
independently  by  Suquet  (1992)  for  power-law  materials  containing  cylindrical  voids. 

Another  class  of  composites,  of  great  practical  significance,  for  which  the  representation  of 
the  lower  bound  may  be  simplified,  by  explicit  evaluation  of  (39),  is  the  class  of  n-phase  fiber 
composites  where  the  stiffest  phase  is  linear.  In  the  following  section,  we  are  concerned  with  the 
special  case  of  two-phase,  fiber-reinforced  composites  of  this  type. 

6 .  Application  to  metal-matrix  composites 

Among  the  various  classes  of  fiber-reinforced  composites,  metal-matrix  composites  is  one  of 
the  most  common  classes.  In  this  section,  we  restrict  our  attention  to  this  important  class  of 
composites,  which  are  made  up  of  ductile  matrices  reinforced  by  stiffer,  linear-elastic  fibers.  Since 
the  plastic  strains  in  the  metal  phase  are  independent  of  the  hydrostatic  stresses,  we  assume  that  the 
behavior  of  the  matrix  (phase  1)  is  governed  by  a  complementary  energy -density  function  of  the 
form 


(43) 
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where  the  function  (p  is  nonnegative  and  satisfies  the  strong  convexity  assumption  described  in 

Section  2,  and  where  is  the  bulk  modulus.  Further,  to  account  for  the  initial  linear-elastic 

behavior  of  the  metal  phase,  we  assume  that  ^(t,)  =  — where  is  the  elastic 

2// 


shear  modulus.  On  the  other  hand,  the  behavior  of  the  fiber  material  (phase  2)  is  governed  by  the 
quadratic  complementary  energy-density  function 

where  and  are  the  corresponding  shear  and  bulk  moduli,  respectively.  Finally,  to  enforce 
the  assumption  that  phase  2  is  stiffer  than  phase  1,  we  let  and 

We  begin  by  considering  the  lower  bound  .  As  mentioned  in  the  previous  section,  since 
phase  2  is  linear  and  stiffer  than  phase  1,  the  intermediate  optimization  (39)  may  be  evaluated 
explicitly.  Further,  because  of  the  particular  choice  for  the  energy-density  functions  and 


a  different  choice  for  the  reduced  set  of  optimization  variables  in  (34)  leads  to  additional 


simplification  of  the  problem.  Thus,  with  the  new  choice  for  the  optimization  variables,  the  lower 
bound  for  the  effective  energy  function  of  the  composite  may  be  given  in  terms  of  the  following 
3-dimensional  minimization  problem 


(45) 

2^(2)  )  ]}’ 

where 

(46) 

[\o^{2(p  +  ri)  +  \a„{<p-ri)]\ 

cr"'  = 

m 

m 

In  the  above  expression,  is  given  by  relation  (36)  and 
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Once  the  minimization  problem  (45)  is  solved,  the  corresponding  estimate  for  the  effective 
stress-strain  relation  may  be  obtained  by  following  the  same  procedure  followed  as  for  the 
incompressible  fiber  composite.  Thus,  the  estimate  for  the  stress-strain  relation  may  be  written  in 
the  form 


where  and  are  evaluated  from  (46)  at  the  optimal  values  of  7],  to  and  6. 

Further,  in  (48),  the  derivatives  with  respect  to  a  are  evaluated  with  j] ,  o)  and  d  fixed.  We 

emphasize  that  due  to  the  different  choice  of  the  optimization  variables,  the  above  representation  for 
the  lower  bound  is  subject  to  the  restrictions  +  ^  0  and  ^  0  [instead  of  the 

restrictions  ^  0  and  for  the  representation  (37)].  For  consistency,  we  will  make  use  of 


the  same  set  of  optimization  variables  in  the  following  representation  for  the  upper  estimate 
(although,  in  this  case,  the  number  of  the  optimization  variables  cannot  be  reduced). 

The  evaluation  of  the  upper  estimate  is  more  complicated  since  in  this  case  the  intermediate 
optimization  problem  (39)  can  not  be  solved  explicitly.  However,  if  the  ratio  of  the  initial  shear 
modulus  to  the  bulk  modulus  of  the  weaker,  matrix  phase  is  small  (i.e.,  «1),  great 


simplification  may  be  achieved  by  means  of  the  following  approximation  for  namely. 


Then,  the  estimate  for  the  upper  bound  for  the  effective  energy  function  reduces  to 


where 

(51)  +  +... 

-+t(^p  -  (l  +  +  -  n)]\ 

=  t;(i  -  -t-  T„'(l  -I- -  CT,)'(l  -  c''>77)'. 
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We  recall  that  (50)  is  subject  to  the  restrictions  (2<Tp +  0  and  Also, 

fortunately,  the  above  approximation  holds  for  most  metal  matrix  composites.  For  example,  when 
^{}) / <  Q  45  terms  of  the  associated  Poisson's  ratio,  >  0.3),  the  maximum  difference 

between  (50)  and  the  exact  solution  of  the  expression  for  is  about  2%  (see  also  Figure  3).  It 
should  also  be  noted  that  when  =  0  the  two  forms  are  equal. 

The  associated  expressions  for  the  stress-strain  relations  may  be  evaluated  from  the  upper 
estimate  for  the  effective  energy  function  in  the  usual  way.  Thus,  the  expressions  for  the  effective 
stress-strain  relations  have  the  same  form  as  (48),  but  with  \  and  evaluated  from 

(5 1)  at  the  optimal  values  of  the  variables  tj ,  ^ ,  to  and  6  [from  (50)]. 

To  conclude  this  section,  we  note  that  the  lower  bound  (45)  is  actually  an  optimal  bound 
(i.e.,  no  bound  that  is  better  can  be  given  for  this  class  of  composites).  This  can  be  shown  by 
following  arguments  analogous  to  those  given  by  Ponte  Castaneda  (1991b)  in  the  context  of 
statistically  isotropic,  two-phase,  nonlinear,  composites  with  one  linear  phase.  From  a  more 
practical  point  of  view,  however,  the  above  results  may  be  used  as  estimates  for  the  effective 
energy  functions  of  two-phase  composites  with  nonlinear  fibers  and  a  linear  matrix  (see 
Section  3).  Thus,  the  lower  bound  (45),  together  with  the  corresponding  estimate  for  the  stress- 
strain  relations,  serve  as  estimates  for  the  behavior  of  composites  with  a  linear-elastic  matrix 
weakened  by  softer,  ductile  fibers.  Alternatively,  the  upper  estimate  (50),  together  with  the 
corresponding  estimate  for  the  stress- strain  relations,  serve  as  estimates  for  the  behavior  of 
composites  with  a  soft,  ductile  matrix  reinforced  by  stiffer,  linear-elastic  fibers. 

We  note  that  the  microstructure  associated  with  the  upper  estimates  (for  the  effective  energy 
functions)  corresponds  to  the  that  of  metal-matrix  composites.  This  suggests  that  the  predictions 
for  the  effective  stress-strain  relation  obtained  from  the  upper  estimate  may  be  used  as 
estimates  for  the  behavior  of  metal-matrix  composites.  Indeed,  the  study  of  the  effective  behavior 
of  an  aluminum-matrix  composite,  that  is  carried  out  in  the  next  section,  confirms  this  expectation. 
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7.  Application  to  an  aluminum-matrix  composite  reinforced  with  boron  fibers 

In  this  section,  we  specialize  the  results  of  the  previous  section  to  the  case  of  a  nonlinear, 
compressible,  fiber  composite  made  up  of  an  aluminum-matrix  reinforced  with  boron  fibers.  The 
effective  behavior  of  the  composite  is  presented  in  terms  of  relations  between  the  four  transversely 
isotropic  stress  modes  and  the  corresponding  four  strain  modes  (see  Appendix  I).  These  relations 
show  the  overall  response  of  the  anisotropic  composite  to  different  loading  modes  and  reveal  the 
coupling  among  the  different  modes. 

Aluminum  (phase  1)  is  a  ductile  material  with  a  uniaxial  stress-strain  curve  that  can  be 
approximated  by  a  "linear-plus-power"  law  (see  Figure  2  in  Adams  1970).  Accordingly,  we 
assume  the  foUowing  form  for  the  energy-density  function  of  the  aluminum  matrix. 


Here,  H  is  the  unit  step  function  (equal  to  0  when  s  <  ,  or  to  1  otherwise)  and  £„  and  are  the 

strain  and  stress  normalization  factors,  respectively,  such  that  cr^/£<,  =  with  denoting  the 
elastic  shear  modulus.  Also,  is  the  bulk  modulus  and  is  the  yield  stress  in  tension.  Boron 

(phase  2)  is  a  brittle  material  that  behaves  linearly  up  to  failure.  Its  energy-density  function  is 
given  by  (44),  with  and  denoting  the  shear  and  bulk  modulus  of  boron,  respectively. 

The  lower  bound  and  the  upper  estimate  for  the  effective  energy  function  of  the  composite 
may  then  be  represented  in  dimensionless  form  via  the  relation 


(5) = c<’'J  ^  A  v™. 


a,  n 


where  G*  ^  and  are  obtained  from  (45)  and  (50),  respectively.  The  Poisson's  ratios  of  the 
two  phases  v*’’  and  are  defined  by 


The  corresponding  estimates  for  the  four  transversely  isotropic  strain  modes  are  then  determined 
by  making  use  of  (48)  along  with  (1.5). 
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The  numerical  values  for  the  six  parametere  in  (54)  are  chosen  so  that  a  comparison  with  the 
corresponding  experimental  results  of  Adams  (1970)  may  be  carried  out.  Thus,  the  properties  of 
the  aluminum  matrix  are  taken  from  Figure  2  in  Adams  (1970),  which  presents  the  uniaxial  stress- 
strain  curve  for  the  aluminum.  Similarly,  the  numerical  values  for  the  elastic  constants  of  the  boron 
fibers,  as  well  as  their  volume  fraction,  were  also  taken  from  the  same  reference.  These  parameters 
are 

(2) 

■^  =  14.9,  ^  =  7.47,  v'‘>=0.32  =0.20,  n  =  1.82  and  =0.34, 

<^0 

where  the  normalization  factors  are  cr^  =  5.89  MPa  and  =  9.29  x  10"^ 

Results  for  the  different  loading  modes  of  the  nonlinear  fiber  composites,  under  several 
loading  combinations,  are  given  in  Figures  2,  4,  5  and  6.  To  highlight  the  effect  of  nonlinearity, 
results  are  also  given  in  the  form  of  short-dash  curves  for  linear  fiber  composites  with  the  same 
elastic  properties  as  the  nonlinear  fiber  composite.  Thus,  the  phases  of  these  linear  reference 
composites  are  identical  to  those  of  the  nonlinear  composite  with  the  only  difference  that  is 

taken  to  be  unbounded  for  phase  1. 

Figure  2  shows  a  plot  of  the  normalized  transverse  shear  stress  tpj'ty  versus  the  normalized 
transverse  shear  strain  for  three  different  loading  combinations.  Here,  ry  =  <Jyf^  and 

Yy  =  XyjlfJL^^^  denote  the  yield  stress  and  strain  in  shear  of  the  aluminum  matrix,  respectively.  The 

continuous  curves  correspond  to  estimates  derived  from  the  lower  bound  for  the  effective  energy 
function,  while  the  long-dash  curves  correspond  to  estimates  derived  from  the  upper  estimate  for 
the  effective  energy  function.  In  all  three  loading  combinations,  =  0 .  The  curves  denoted  by 
=  T„/Tp  =  0  correspond  to  a  pure  transverse  shear  load.  Initially,  the  behaviors  of  these  two 

stress-strain  curves  for  the  nonlinear  composites  are  the  same  as  those  of  the  corresponding  curves 
for  the  reference  linear  composites  (short-dash  lines).  However,  the  predictions  for  the  effective 
yield  points  of  the  two  types  of  estimates  are  different,  with  both  the  yield  stresses  and  the  yield 
strains  being  larger  for  the  estimate  associated  with  the  lower  bound  on  the  energy. 
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Fig.  2.  Lower  estimates  (continuous  curves)  and  upper  estim:*"- 
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The  corresponding  stress-strain  relation  for  the  . post-yield  behavior 

with  power  hardening,  where  the  growth  of  the  s  ^  uonal  to  (  t„/t^  )"  for  large  T„ . 


As  discussed  in  the  previous  section,  the  stress-strain  relations  derived  from  the  upper 
estimate  for  the  effective  energy  function  may  be  used  as  estimates  for  the  behavior  of  composites 
with  a  ductile  matrix  phase  and  linear-elastic  fibers.  In  this  context,  it  is  interesting  to  compare  our 
results  with  corresponding  predictions  of  Hashin  (1980)  (see  also  Dvorak  and  Bahei-El-Din  1987), 
who  argues,  on  physical  grounds,  the  existence  of  two  distinct  failure  modes  for  fiber-reinforced 
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composites  with  a  weaker  matrix  phase:  a  fiber  mode  in  which  the  composite  fails  due  to  fiber 
failure  in  tension  or  compression  along  the  fibers,  and  a  matrix  mode  in  which  the  matrix  fails  in 
shear  transverse  to,  or  along,  the  fibers.  According  to  this  model,  when  the  composite  is  subjected 
to  transverse  shear  loads,  its  yield  stress  and  post-yield  behavior  are  dominated  by  the  behavior  of 
the  ductile  matrix.  We  note  that  the  prediction  for  the  behavior  of  the  composite,  from  the  stress- 
strain  curve  associated  with  the  upper  energy  estimate,  agrees  with  this  model.  Thus,  the  effective 
yield  stress  is  only  slightly  higher  than  the  yield  stress  of  the  matrix,  and  the  post-yield  behavior  is 

dominated  by  the  behavior  of  the  ductile  matrix  as  well. 

The  coupling  between  the  shear  modes  and  is  demonstrated  by  the  two  curves  for  the 

proportional  loading  path  =2,  and  the  coupling  between  and  by  the  two  curves  for 
the  proportional  loading  path  =  2.  We  note  that  the  effect  of  a  combination  of  transverse 

shear  loads  with  any  of  the  other  modes  is  to  saturate  the  linear  range  of  phase  1,  accelerating  the 
post-yield  behavior  of  the  composite.  Thus,  the  resistance  of  the  composite  to  transverse  shear 
loads  is  reduced  with  the  growth  of  any  of  the  other  loading  modes.  We  note  that  this  softening 

effect  is  more  marked  for  the  stress-strain  curves  obtained  from  the  upper  energy  estimate.  Also, 
the  effect  of  the  superimposed  longitudinal  shear  on  the  transverse  shear  mode  is  more 

pronounced  than  that  of  the  superimposed  uniaxial  tensile  stress 

To  illustrate  the  consequences  of  this  softening  phenomenon,  let  us  consider  a  cylindrical 
fiber  composite  bar,  subjected  to  a  uniaxial  tension  load  in  the  fiber  direction  combined  with  a 
torque  aligned  with  the  symmetry  axis.  The  stress  field  that  develops  within  this  bar,  on  the 
microscopic  level,  may  be  represented  by  a  combination  of  a  uniaxial  tensile  stress  and  a 
transverse  shear  stress  t^.  Thus,  our  results  predict  that  any  increment  in  the  uniaxial  tensile  stress 

(with  fixed  transverse  shear  stress)  will  cause  additional  growth  of  the  resultant  transverse  shear 
strain.  The  overall  contributions  of  the  shear  strain  increments  (within  the  composite)  is  to  increase 
the  twisting  angle  of  the  bar.  Thus,  on  the  macroscopic  level,  we  would  observe  growth  of  the 
twisting  angle  in  response  to  an  increment  in  the  tensile  load  (with  a  fixed  applied  torque). 
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Fig.  3.  Comparison  of  the  upper  estimates  for  the  relations  between  the  transverse  shear  stress  and  the 
corresponding  shear  strain  (continuous  curve)  with  the  corresponding  approximation  (50)  (shoit-dash 
curve),  based  on  neglecting  terms  of  order 


Figure  3  shows  a  plot  of  the  normalized  shear  stress  versus  the  normalized  shear 
strain  Yp/Yy^  in  vicinity  of  the  predicted  yield  point,  when  all  other  stress  modes  vanish.  Here, 
we  compare  the  predictions  for  Yp  obtained  from  the  exact  solution  for  the  minimax  problem  for 

(continuous  curves)  with  the  corresponding  approximation  (50)  (short-dash  curve),  based 
on  neglecting  terms  of  order  .  The  curves  are  very  close,  with  a  maximum  error  of 

about  0.5%.  We  note  that  the  maximum  error  between  the  two  curves  always  occurs  near  the 
predicted  yield  points. 

Figure  4  shows  a  plot  of  the  normalized  longitudinal  shear  stress  versus  the 
normalized  longitudinal  shear  strain  YnjYy  for  three  different  loading  combinations.  The 
continuous  curves  correspond  to  the  estimates  derived  from  the  lower  bound  for  the  effective 

energy  function,  while  the  long-dash  curves  correspond  to  the  estimates  derived  from  the  upper 
estimate  for  the  effective  energy  function.  For  all  three  loading  combinations,  =  0 . 
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Fig.  4.  Lower  estimates  (continuous  curves)  and  upper  estimates  (long-dash  curves)  for  the  relations 
between  the  longitudinal  shear  stress  ?,  and  the  corresponding  shear  strain  y,  for  the  nonlinear  fiber 

composites,  as  well  as  for  the  reference  linear  fiber  composites  (short-dash  lines),  for  three  different  loading 
combinations:  5 /f.  =  f  /f  =  0,  t  /f  =  2  and  or  /?  =  2.  Here,  a  =  0  for  all  cases. 

r/"  PI  *  m$  m  ^ 


The  curves  denoted  by  =  <t„/t„  =  0  correspond  to  a  pure  longitudinal  shear  load  along 
the  fibers.  We  observe  that  the  predictions  for  the  yield  stresses,  the  yield  strains  and  the  post-yield 

behaviors  obtained  from  the  upper  energy  estimates  are  very  similar  to  the  predictions  of  the 
corresponding  curve  in  Figure  2  (denoted  by  -  T„/Tp  =  0).  This  similarity  is  anticipated  on 

grounds  of  our  previous  observation  concerning  the  interpretation  of  the  upper  energy  estimates  as 
estimates  for  ductile-matrix  composites.  Thus,  when  the  composite  is  subjected  to  shear  loads 
along  the  Hbers,  it  is  expected  that  its  yield  and  post-yield  behaviors  will  be  dominated  by  the 
corresponding  behaviors  of  the  aluminum  matrix,  and  hence,  the  similarity  between  the  two 


curves. 
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On  the  other  hand,  the  curves  associated  with  the  lower  bounds,  in  Figures  2  and  4,  are  not 
as  close.  Although  the  (nearly)  linear-hardening,  post-yielding  behavior  is  common  for  both  cases, 
there  is  a  significant  difference  between  the  asymptotic  slopes  of  the  curves  as  the  stress  increases. 

In  Figure  4,  the  slope  of  the  longitudinal  shear  stress-strain  curve  approaches  the  value 
whereas  the  corresponding  slope  for  the  transverse  shear  stress  curve,  in 

Figure  2,  approaches  a  lower  value  which  is  given  by  relation  (55). 

The  coupling  between  the  shear  modes  and  is  demonstrated  by  two  curves  for  the 
proportional  loading  path  =2,  whereas  the  coupling  between  and  is  demonstrated  by 
the  two  curves  for  the  proportional  loading  path  =  2.  We  observe  that  the  effect  of  adding 
any  of  the  other  modes  to  the  longitudinal  shear  mode  is  to  saturate  earlier  the  linear  range  of 
phase  1,  accelerating  the  post-yield  behavior  of  the  composite.  Thus,  in  a  manner  similar  to  the 
previous  case  (Figure  2),  the  resistance  of  the  composite  to  longitudinal  shear  loads  is  reduced 
with  the  growth  of  any  of  the  other  loading  modes. 

Figure  5  shows  plots  of  the  normalized  tensile  stress  versus  the  normalized  tensile 
strain  €„/£y  for  three  different  loading  combinations.  Here,  denotes  the 

yield  strain  of  the  aluminum  matrix  under  uniaxial  tensile  load.  The  continuous  curves  correspond 
to  the  estimates  derived  from  the  lower  bound  for  the  effective  energy  function,  while  the 

long-dash  curves  correspond  to  the  estimates  derived  from  the  upper  estimate  for  the  effective 
energy  function.  For  all  three  loading  combinations,  =  0. 

The  curves  denoted  by  =  T„/a„  =  0  correspond  to  a  uniaxial  tensile  load  in  the  fiber 

direction.  Initially,  the  behaviors  of  the  two  curves  are  the  same  as  those  for  the  reference  linear 
composite  (short-dash  lines),  until  phase  1  yields.  The  predictions  for  the  effective  yield  stress  and 
strain  are  almost  the  same,  and  after  yielding,  according  to  both  estimates  the  plastic  hardening  of 
the  composite  is  nearly  linear.  As  discussed  by  Hashin  (1980),  this  post-yield  behavior  is  expected 
on  physical  grounds  since  the  stiff  phase  dominates  the  behavior  of  the  composite  in  tension  (or 
compression)  along  the  fibers. 
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Fig.  S.  Lower  estimates  (continuous  curves)  and  upper  estimates  (long-dash  curves)  for  the  relations 
between  the  normal  tensile  stress  and  the  corresponding  strain  £,  for  the  nonlinear  fiber  composites,  as 

well  as  for  the  reference  linear  fiber  composites  (short-dash  lines),  for  three  different  loading  combinations: 
cr^/5  =  f,/5,  -  0,  o',/?,  =  1.5  and  ? /o',  =  1.  Here,  ?,  =  0  for  all  cases. 

The  coupling  between  the  two  dilatational  modes  is  demonstrated  by  the  two  curves  for  the 
proportional  loading  path  =1.5.  Thus,  we  see  that  the  superimposed  leads  to  significant 
stiffening  of  the  composite.  We  observe  that  the  two  curves  (for  =  1.5)  are  initially  fairly 

close  to  each  other  (and  behave  the  same  way  as  the  corresponding  curves  of  the  reference  linear 
composites).  However,  after  the  yielding  of  phase  1,  the  predictions  based  on  the  upper  energy 
estimate  are  markedly  different  from  the  corresponding  predictions  from  the  lower  energy  bound. 
Thus,  according  to  the  lower  energy  bound,  after  yielding,  there  is  only  little  growth  of  the  tensile 
strain;  while  according  to  the  upper  energy  estimate,  the  normal  tensile  strain  actually  decreases. 
This  interesting  behavior  is  due  to  the  plastic  incompressibility  of  the  aluminum  phase.  Since  the 
plastic  strains  in  phase  1  are  proportional  to  the  stress  deviators,  and  under  the  above  combination 
of  loads,  the  normal  component  of  the  stress  deviator  (in  the  fiber  direction)  is  negative,  the  plastic 
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part  of  the  normal  tensile  strain  decreases.  According  to  the  lower  bound,  the  magnitudes  of  the 
elastic  and  the  plastic  parts  of  the  tensile  strain  are  almost  the  same,  and  hence  (the  sum  of  the 

two  parts)  is  almost  fixed.  However,  according  to  the  upper  estimate,  under  these  loading 
conditions  the  magnitude  of  the  plastic  part  of  the  tensile  strain  is  larger  than  that  of  the  elastic  part, 
and  hence  e„  decreases. 

The  coupling  between  the  normal  tensile  stress  and  the  longitudinal  shear  stress  is 
demonstrated  by  the  two  curves  corresponding  to  the  proportional  loading  path  =  1.  The 
effect  of  increasing  the  shear  load  is  to  saturate  the  linear  range  of  phase  1,  hence  accelerating 
the  post-yield  behavior  of  the  composite.  We  note  that  the  difference  between  the  curves  for  the 
lower  bound  and  the  upper  estimate  are  relatively  small. 

Figured  shows  plots  of  the  normalized  in-plane  hydrostatic  stress  versus  the 

normalized  in-plane  hydrostatic  strain  Cp/e,  for  three  different  loading  combinations.  The 

continuous  curves  correspond  to  the  estimates  derived  from  the  lower  bound  for  the  effective 

energy  function,  while  the  long-dash  curves  to  the  estimates  derived  from  the  upper  estimate  for 
the  effective  energy  function.  For  all  three  loading  combinations,  =  0. 

The  curves  denoted  by  =  0  correspond  to  a  pure,  plane  hydrostatic  load  in 

the  transverse  direction.  Initially,  the  behaviors  of  the  two  curves  are  the  same  as  those  of  the 
reference  linear  composite  (short-dash  lines),  until  the  yielding  of  phase  1.  According  to  both 
types  of  estimates,  the  plastic  hardening  of  the  composites  is  almost  linear.  This  suggests  that  the 
in-plane  hydrostatic  strains  are  governed  by  the  stiff  linear  phase.  In  the  case  of  normal  tensile 
loads  (Figure  5),  it  is  easy  to  visualize  that  the  tensile  strains  along  the  fibers  should  be  controlled 
by  the  stiffer  phase;  however,  that  the  same  behavior  should  be  observed  for  the  in-plane 
hydrostatic  strains  is  perhaps  less  intuitive.  The  reason  is  related  to  the  Poisson  effect.  Thus,  when 
the  fiber  composite  is  subjected  to  in-plane  hydrostatic  loads,  tensile  strains  are  set  up  in  the  fiber 
direction  (due  to  the  Poisson's  effect),  which  must  be  continuous  across  the  phases,  thus 
providing  the  required  stiffening  effect  in  the  transverse  direction  (because  the  linear  phase  controls 
the  strains  along  the  fibers). 
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Fig.  6.  Lower  estimates  (continuous  curves)  and  upper  estimates  (long-dash  curves)  for  the  relations 
between  the  in-plane  hydrostatic  stress  and  the  corresponding  strain  for  the  nonlinear  fiber 

composites,  as  well  as  for  the  reference  linear  fiber  composites  (short-dash  lines),  for  three  different  loading 
combinations:  =  t,/5  =  0 ,  =  3.5  and  =  1.  Here,  =  0  for  all  cases. 


The  coupling  between  the  two  dilatational  modes  is  demonstrated  by  the  two  curves  for  the 
proportional  loading  path  =  3.5.  We  observe  that  the  two  curves  have  the  same  behaviors  as 

the  corresponding  curves  for  the  reference  linear  composite  (short-dash  lines),  until  the  yielding  of 
phase  1.  After  yielding,  however,  the  in-plane  hydrostatic  strain  decreases  for  both  types  of 
estimates.  The  reason  is  the  same  as  discussed  previously,  namely,  the  independence  of  the  plastic 
strains  (in  the  aluminum  phase)  on  the  hydrostatic  stress.  The  curves  for  the  proportional  loading 
path  =  1  shows  the  coupling  between  the  in-plane  hydrostatic  stress  and  the  longitudinal 

shear  stress  .  These  curves  resemble  the  corresponding  curves  for  =  1  in  Figure  5. 
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Fig.  7.  Lower  and  upper  estimates  (continuous  curves)  for  the  relations  between  the  uniaxial  tensile  stress 
and  the  uniaxial  plastic  tensile  strain  £'  for  the  nonlinear  fiber  composite,  and  results  for  three  sets  of 

experimental  data  points  (squares,  triangles  and  circles),  corresponding  to  three  tests  carried  out  on  an 
aluminum-matrix  composite  reinforced  with  boron  fibers  (Adams  1970). 


Finally,  we  make  a  comparison  between  our  theoretical  results  and  the  experimental  data  of 
Adams  (1970).  For  simplicity,  we  consider  a  Cartesian  coordinate  frame,  where  the  Xj  axis  is 

aligned  with  the  fiber  direction  n,  and  the  other  two  axes  lie  in  the  transverse  plane  (see  Figure  1). 
We  make  use  the  results  of  Appendix  I  to  determine  the  values  of  the  four  transversely  isotropic 
stress  (strain)  invariants  in  terms  of  the  Cartesian  components  for  a  given  stress  (strain)  tensor.  In 
this  case,  the  applied  load  ^22  ^  tensile  stress  in  the  transverse  direction,  and  we  have 

=1^22-  Therefore,  by  means  of  the  chain  rule,  the  corresponding  tensile  strain 


component  is 


£22  — 


dU  -  . 

da. 


22 


Figure  7  shows  plots  of  the  transverse  tensile  stress  versus  the  plastic  part  of  the 
corresponding  tensile  strain  £22-  Three  sets  of  experimental  data  points  are  shown  (squares. 
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triangles  and  circles),  representing  the  three  different  tests  carried  out  on  the  aluminum-matrix 
composite  (Adams  1970).  Two  curves  representing  the  corresponding  two  estimates  obtained  from 
the  lower  bound  and  the  upper  estimate  for  the  effective  energy  function  are  also  shown.  We 
observe  that  the  two  curves  bound  the  experimental  data  points  from  above  and  below.  However, 
the  curve  obtained  from  the  upper  energy  estimate  is  much  closer  to  the  experimental  data  points. 
This  is  in  agreement  with  our  prior  discussions  stating  that  the  stress-strain  relations  derived  from 
the  upper  energy  estimate  can  be  used  as  estimates  for  the  behavior  of  two-phase  fiber  composites 
with  the  ductile  phase  playing  the  role  of  the  matrix  and  the  brittle  phase  that  of  the  fibers. 

8.  Concluding  remarks 

In  this  work,  we  have  obtained  bounds  and  estimates  for  the  effective  behavior  of  nonlinear 
fiber-reinforced  composites  by  means  of  a  variational  procedure  introduced  by  Ponte  Castaneda 
(1991a,  1992).  This  procedure  enabled  the  extension  of  upper  and  lower  bounds  of  the  Hashin- 
Shtrikman  (1962)  type  for  the  effective  energy  functions  of  n-phase  linear  fiber-reinforced 
composites  to  corresponding  lower  bounds  and  upper  estimates  (estimates  for  the  upper  bound)  for 
the  effective  energy  functions  of  n-phase  nonlinear  fiber  composites.  Simple  representations  for 
these  bounds  and  estimates,  generalizing  earlier  results  by  Ponte  Castaneda  (1992)  for  the  class  of 
incompressible  fiber  composites,  were  obtained  for  the  class  of  compressible  fiber  composites.  We 
note  that  different,  equivalent  expressions  for  the  lower  bound  for  the  effective  energy  functions  of 
incompressible  fiber  composites  have  also  been  obtained  by  Talbot  and  Willis  (1991),  using  a 
different  procedure.  However,  the  form  of  the  lower  bounds  obtained  in  this  work  is  simpler,  and, 
additionally,  the  nonlinear  Hashin-Shtrikman  upper  estimates  are  also  new. 

The  important  case  of  a  compressible,  two-phase  fiber  composites  made  up  of  a  ductile  and  a 

brittle  phase  was  studied  in  detail.  The  general  expression  for  the  lower  bound  was  specialized  for 
this  class  of  composites,  and  a  similar  expression,  based  on  neglecting  terms  of  order  (/!„  V >^0  > 

was  obtained  for  the  upper  estimate.  Corresponding  estimates  for  the  effective  stress-strain 
relations  were  derived  by  straightforward  differentiation  of  these  expressions.  Explicit  calculations 
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were  carried  out  for  an  aluminum-boron  system,  highlighting  significant  couplings  that  arise 
between  the  different  loading  modes. 

Finally,  we  proposed  alternative  (approximate)  interpretations  for  the  constitutive  relations 
derived  from  the  lower  bounds  and  upper  estimates  for  the  effective  energy  functions  of  two- 
phase,  nonlinear  fiber  composites.  Thus,  the  results  based  on  the  lower  bounds  were  given  the 
interpretation  of  estimates  for  the  effective  behavior  of  fiber  composites  made  up  of  stiffer  linear- 
elastic  matrices  weakened  by  ductile  fibers.  Correspondingly,  the  results  based  on  the  upper 
estimates  for  the  effective  energy  functions  were  given  the  interpretation  of  estimates  for  the 
effective  behavior  of  fiber  composites  made  up  of  ductile  matrices  reinforced  by  stiffer  linear- 
elastic  fibers.  This  latter  interpretation  was  confirmed  through  comparison  with  available 
experimental  results  for  a  metal-matrix,  fiber-reinforced  composite. 
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Appendix  I:  On  the  characterization  of  transversely  isotropic  materials 

The  purpose  of  this  appendix  is  to  gather  some  results  relevant  to  the  analysis  of  materials 
with  transversely  isotropic  symmetry.  These  results  are  used  extensively  throughout  the  body  of 
the  paper  in  the  development  of  estimates  for  the  effective  behavior  of  nonlinear  fiber  composites, 
which  constitute  a  special  class  of  transversely  isotropic  materials.  The  emphasis  of  this  section  is 
on  representations  for  the  transversely  isotropic  invariants  of  the  stress  and  strain  tensors.  The 
reason  is  that  nonlinear  transversely  isotropic  materials  are  most  efficiently  characterized  in  terms 
of  energy-density  functions  depending  on  these  invariants. 

I.l  Isotropic  invariants 

As  is  well-known,  there  are  three  isotropic  invariants  for  a  symmetric,  second-order  tensor. 
However,  only  two  of  these,  which  are  of  quadratic  order  or  less,  are  relevant  to  linear-elastic 
behavior.  These  invariants  may  be  expressed  (see,  for  example,  Walpole  1981)  in  terms  of  two 
fourth-order  projection  tensors  J  and  K,  such  that  I  =  J-»-K,  J  =  JJ,  K  =  KK  and  JK  =  0. 
Their  Cartesian  components  are  given  by 

(fl)  Jijkl 

where  5^  is  the  Kro  ;ecker  delta  symbol.  Then,  in  terms  of  these  projection  tensors,  we  define  two 

isotropic  invariants  of  the  stress  tensor  via 

(1.2)  (^„=Ukkij(^ij  and 

called  the  hydrostatic  (mean)  stress,  and  the  effective  shear  stress,  respectively.  We  also  define  the 
hydrostatic  strain  e„,  and  the  effective  shear  strain  7,  by  relations  analogous  to  (1.2). 

It  is  important  to  note  that  the  elasticity  tensor  L  of  an  isotropic,  linear-elastic  material  admits 
a  spectral  decomposition 

(1.3)  L  =  3k3  +  2pK, 

where  J  and  K  play  the  role  of  the  eigenprojections,  and  the  bulk  and  shear  moduli  of  the  material, 
(cand  p,  are  the  corresponding  eigenvalues. 
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II.2  Transversely  isotropic  invariants 

There  are  in  general  five  transversely  isotropic  invariants  of  a  symmetric,  second-order  tensor 
(Spencer  1971).  However,  only  four  of  these  invariants  are  linear,  or  quadratic,  in  order.  They 
may  be  represented  in  terms  of  the  four  projection  tensors  (Walpole  1981)  E*‘^  E^^',  and 

E'"',  satisfying  the  relations  E''’’e‘'’'  =  e''"';  E'^’e'^'  =  0,  p  q\  and  E“’  +  E'^'  -h  E"’  -i-  E‘"‘  =  I. 
The  Cartesian  components  of  these  four  projection  tensors  are  given  by 
(1.4)  £S=TAyA,. 

£»  =  +  A.ay,  +  A/“i«  +  Ay.a„), 

where  a.j  =  n-nj  and  fi-j  =5jj~  /i./iy,  with  n  denoting  the  axis  of  transverse  isotropy.  Then,  the 

four  transversely  isotropic  invariants  of  the  stress  tensor  a  may  be  expressed  in  the  forms 
(1-5)  (7^  =  }• 

+7(:yii  - <^22)' }. 

=  \a,j0^a.,  - (a^a,^)'],  {  (ofj  +  <^3) }. 

Physically,  these  invariants  correspond  to  the  in-plane  hydrostatic  stress,  the  normal  tensile  stress, 
the  (in-plane)  transverse  shear  stress,  and  the  (anti-plane)  longitudinal  shear  stress  (given  in 
brackets  are  the  corresponding  representations  for  a  choice  of  n  aligned  with  the  3-direction). 

Analogous  relations  apply  for  the  transversely  isotropic  invariants  of  the  strain  tensor  e,  denoted 
respectively  by  £„,  y^,  and  y,.  We  also  note  for  latter  reference  that  the  following  relations 

hold  between  the  transversely  isotropic  invariants  of  (1.5)  and  the  isotropic  invariants  of  G-2), 

(1-6)  +  =  + 

Contrary  to  the  situation  for  isotropic  materials,  the  above  four  projection  tensors  are  not  the 
eigentensors  of  the  spectral  decomposition  of  an  arbitrary  transversely  isotropic  elasticity  tensor 
(Mehrabadi  and  Cowin  1990).  Such  eigentensors  would  involve  the  material  moduli.  Therefore,  it 
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is  necessary  to  introduce  (Walpole  1981)  two  other  tensors,  that  are  not  projections,  and 
with  components 

(1.7)  £,! J  =  a,y/3y,  and 

The  elasticity  tensor  L  of  an  arbitrary  transversely  isotrrpic  material  may  be  expressed  in  terms  of 
these  six  tensors,  via 

(1.8)  L  =  a,E‘''  +  +  ajE'"'  +  a^E'"’  +  a5(Ef'’  +  E'®'), 

where  a,  (q  =  1,...,  5)  are  the  five  moduli  that  suffice  to  characterize  the  behavior  of  the 
material.  The  compliance  tensor  M,  of  an  arbitrary  transversely  isotropic  material  may  be 
expressed  in  a  similar  form.  It  is  worth  mentioning  that  the  isotropic  projection  J,  can  be 
represented  in  the  form 

(1.9)  J  =  IE'"  +  ^E'"*  +  i(E'*’  +  E'®'), 

and  that  we  can  additionally  define,  for  latter  reference,  the  tensor  E'  such  that 

(1. 10)  e'  =  e'^'  +  eW-k. 


The  tensor  E'  is  a  projection  tensor,  orthogonal  to  E*^’  and  E’^'. 

Finally,  we  remark  that  the  energy  density  function  of  a  transversely  isotropic,  linear-elastic 
materials  may  be  represented  in  the  form 

(1.11)  U{a)=\i/(a^,CT„,T^,T„). 


Then,  the  relations  between  the  transversely  isotropic  stress  and  strain  invariants  are  given  by 

I  dv/  ,  I  dy/ 

— _ Z_  anrt  V  — _ I_ 


(1.12) 


"  2da^ 


P  -ivi 

"  da. 


2  dr. 


and 


2  dr. 


1.3  Incompressible,  transversely  isotropic  invariants 

For  incompressible,  transversely  isotropic  materials,  it  suffices  to  consider  the  three 
invariants  of  quadratic  order  or  less,  on  the  space  of  traceless,  symmetric,  second-order  tensors. 
These  may  be  obtained  in  terms  of  the  three  orthogon ..  projection  tensors  E'^',  E'^'  and  E', 
defined  in  the  previous  subsection.  Thus,  the  incompressible,  transversely  isotropic  invariants  of 
the  stress  tensor  a  are  T^,  t„,  and  the  deviatoric  (axisymmetric)  shear  stress 

(1.13) 
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corresponding  to  the  three  above  projections,  respectively.  We  note  that  from  (1.6)2 

following  identity  relating  the  effective  shear  stress  and  the  incompressible,  transversely  isotropic 
invariants,  +  t^.  The  corresponding  strain  invariants  are  denoted  and  Yd- 

Finally,  we  note  that  the  elasticity  tensor  L  of  an  incompressible,  transversely  isotropic, 
linear-elastic  material  admits  a  spectral  decomposition  of  the  form 
(1.14)  L  =  +  2/t,E‘''>  -t-  2n,E', 

where  /i„,  (J.^,  are  the  three  shear  moduli  characterizing  the  behavior  of  such  a  material 
(Lipton,  1992). 


Appendix  II:  Estimates  for  the  effective  stress-strain  relations 
In  this  appendix,  we  demonstrate  the  process  of  obtaining  estimates  for  the  effective  stress- 
strain  relations  of  nonlinear  fiber  composites  from  corresponding  expressions  for  bounds  and 
estimates  for  the  effective  energy  functions,  which  are  given  in  the  body  of  the  paper.  We  begin  by 
considering  expression  (21)  for  the  lower  bound  for  the  effective  energy  function.  Since  all  the 
phases  in  the  composite  are  assumed  to  be  isotropic,  the  functions  in  expression  (21)  may  be 
written  in  the  form 


(IM)  -  r"V/> 

Assuming  sufficient  smoothness  for  the  functions  the  corresponding  optimization  conditions 
can  be  expressed  in  terms  of  the  following  2n  implicit  equations  for  the  variables  and 

_ (T<'ll  =  o  and  -a''*-—'* 

and  we  denote  by  and  the  solutions  for  these  equations.  Then, 

substitution  of  the  solutions  for  into  (21),  leads  to 


(n.2) 

r^o 


(11.3) 
where 

(11.4)  F  = 


f»l  ^  ” 
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Once  again,  the  optimization  conditions  for  the  above  problem  can  be  stated  in  terms  of  In 
equations  for  the  variables  and  k[''\  namely. 


(II.5) 


— »•  “O  =«■ 


We  denote  the  optimal  values  of  the  variables  and  satisfying  (II.5),  by  and 

respectively.  In  terms  of  these  optimal  values,  the  lower  bound  for  the  effective  energy 

function  may  be  expressed  in  the  form 
(II.6)  = 

and  the  corresponding  estimate  for  the  stress-strain  relations  is  given  by 
(.1.7) 

da,j 

However,  due  to  the  optimization  conditions  (II.5),  the  last  two  sums  in  (II.7)  vanish,  and  the 
estimate  (22)  for  the  effective  stress-strain  relations  is  obtained.  Analogous  expressions  for  the 
upper  estimate,  effective  stress-strain  relations  may  be  obtained  similarly. 

Next,  we  consider  the  estimate  for  effective  stress-strain  relations  (32),  obtained  from  the 
lower  bound  for  the  effective  energy  function  of  the  incompressible  fiber  composite  (30).  For 

simplicity,  we  assume  that  the  nth  branch  attains  the  minimum  in  (30)  {e.g.  s  =  n),  and  additionally 
we  define  =  ^1  +  ^1-  Then,  the  optimization  constraints  «  =  1  and  77  =  1  may  be  eliminated  by 


letting 


(II.8) 


.  r»l  J  L 


In  terms  of  the  2(n  - 1)  optimizations  variables  (r  =  l,...,n  - 1) ,  expression  (30)  may  be 


rewritten  in  the  form 


(11.9) 


(a)  =  nun  ^  )  +  c‘"  V*"^  ( i , 
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where  the  variables  (r  =  - 1)  are  given  by  relation  (31)i,  and 


(11,10)  ?  1  +  2  +fi  . 


It  follows  that  the  2(n  - 1)  optimization  conditions  in  (II.9)  are  given  by  the  relations 


(11.11) 


*  *  L  V  t=i  y_ 

+^(^-.)V.-)[i  -  5c<'>o<"] =0, 

*  *  V  >=i  y 


If  we  now  denote  the  optimal  values  of  and  satisfying  (II.  11),  by  and 
respectively,  the  lower  bound  for  the  effective  energy  function  may  be  written  in  the  form 

n— I 

(11.12)  i7<“-'(o)=y* 


(11.12) 

r=l 

where  (r  =  l,...,/i-l),  and  [as  given  by 


(II.  10)].  The  corresponding  estimate  for  the  effective  stress-strain  relation  of  the  incompressible 
fiber  composite  then  becomes 


We  note  that  each  of  the  terms  in  the  last  two  sums  in  01.13)  is  identical  to  zero  by  virtue  of  the 
optimization  conditions  (II.l  1).  Thus,  in  the  computation  of  the  effective  stress-strain  relations,  we 
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> 


may  regard  the  optimization  variables  as  constants  (as  far  as  derivatives  with  respect  to  o  are 
concerned).  The  final  result  is  given  by  relation  (32),  where  and  fj*"'  are  defined  via  relations 
(n.8)  in  terms  of  the  and  f}^'^  (r  =  l,...,/i  - 1),  respectively. 

The  corresponding  expressions  for  the  upper  estimates  for  the  effective  stress-strain  relations 
of  the  incompressible  fiber  composite  are  computed  similarly.  It  can  also  be  shown  that  analogous 
results  may  be  obtained  for  the  compressible  nonlinear  fiber  composites. 


Appendix  III:  A  useful  identity 

In  many  applications,  expressions  for  the  effective  elasticity  tensors  of  linear-elastic 
composites  involve  the  evaluation  of  a  fourth-order  tensor  M,  defined  by 

--1 

where  are  positive  definite,  satisfying  the  conditions  and  where 

=  1  with  0  ^  ^1,  (see,  for  example.  Hill  1965  and  Walpole  1969).  For  later  reference, 

r=l 

we  note  that  all  the  symmetries  of  the  tensors  are  carried  over  to  the  tensor  M. 

The  aim  of  this  appendix  is  to  demonstrate  the  following  identity,  which  is  used  repeatedly  in 
the  body  of  the  paper. 


(111.1) 


M  = 


i^i 


L  -■=1 


(III.2) 


=  min 

y  **  u<''.Q=i 


for  all  second-order  symmetric  tensors  ct,  where  the  variables  £1^'^  (r  =  1,...,  n),  are  subject  to 

n 

the  optimization  constnunt  =  I,  and  satisfy  the  symmetry  conditions 

r=l 


This  identity  is  a  generalization  of  an  analogous  identity,  first  presented  in  deBotton  and  Ponte 
Castaneda  (1992). 

We  begin  by  letting  be  the  function  defined  by 


an.3) 
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where  the  variables  Q.^'^  are  subject  to  the  constraint  £2  =  1,  and  where  the  tensors  and  the 

constants  are  as  given  above.  The  choice  of  the  set 

(111.4)  <  = 

satisfies  both  the  optimization  constraints  and  the  symmetry  conditions  stated  in  (III.2),  and  is  such 
that  G(£2*'^^)  =  M.  We  consider  next  a  second,  arbitrary  set,  distinct  from  the  first  set, 

(r  =  1,...,  n),  such  that  £2^'^^  =  1,  and  we  let  0^*^^  =  -  £2^*^^  itO.  Then,  substitution  of  this 

second  set  into  (in.3)  leads  to 

(111.5)  g^(q''') = + eii) 

r=l 

r-l  r=l 

where  we  have  used  the  fact  that  0  =  0.  In  addition,  since  the  tensors  are  positive  definite,  it 
follows  that  for  all  nonzero,  second-order,  symmetric  tensors  o, 

(in.6)  =(0So',)m£,(02.°'..)>o- 


The  identity  (III.2)  then  follows  from  (in.5)  and  (111.6),  because 
(III.7)  >  (T^G^„(£2('>)c7„  = 

for  all  possible  Q.^'^  satisfying  the  optimization  constraint  and  the  symmetry  conditions,  and 
nonzero,  second-order,  symmetric  tensors  o. 

Finally,  we  note  that  this  identity  can  be  further  generalized  to  the  case  of  a  tensor  M  with 

arbitrary  dependence  on  the  position  vector  x.  In  this  case  the  summations  in  (III.1)  and  (in.2)  are 

replaced  by  integrations  over  the  volume  £2.  The  optimization  variables  £2  =  £2(x)  satisfy  the 

symmetry  conditions  stated  in  (in.2)  and  the  optimization  constraint  J Q{x)dx  =  I. 

a 
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CONSTITUTIVE  MODELS  FOR  DUCTILE  SOLIDS 
REINFORCED  BY  RIGID  SPHEROIDAL  INCLUSIONS 
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Abstract-  We  study  the  effective  constitutive  response  of  composite  materials  made  of  rigid 
spheroidal  inclusions  dispersed  in  a  ductile  matrix  phase.  Given  a  general  convex  potential 
characterizing  the  plastic  (in  the  context  of  J2-deformation  theory)  behavior  of  the  ma¬ 
trix  material,  we  derive  expressions  for  the  corresponding  effective  potentials  of  the  rigidly 
reinforced  composites,  under  general  loading  conditions.  The  derivation  of  the  effective  po¬ 
tentials  for  the  nonlinear  composites  is  based  on  a  variational  procedure  developed  recently 
by  Ponte  Castaneda  (1991a).  We  consider  two  classes  of  composites.  In  the  first  class,  the 
spheroidal  inclusions  are  aligned,  resulting  in  overall  transversely  isotropic  symmetry  for  the 
composite.  In  the  second  class,  the  inclusions  are  randomly  oriented,  and  thus  the  composite 
is  macroscopically  isotropic.  The  effective  response  of  composites  with  aligned  inclusions  de¬ 
pends  on  both  the  orientation  of  the  loading  and  on  the  inclusion  concentration  and  shape. 
Comparing  the  strengthening  effects  of  rigid  oblate  and  prolate  spheroids,  we  find  that  pro- 
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late  spheroids  give  rise  to  stiffer  effective  response  under  axisymmetric  (relative  to  the  axis 
of  transverse  isotropy)  deformations,  while  oblate  spheroids  provide  greater  reinforcement 
for  materials  loaded  in  transverse  shear  (relative  to  the  axial  direction).  On  the  other  hand, 
nearly  spheriad  (slightly  prolate)  spheroids  are  most  effective  in  strengthening  the  composite 
imder  longitudinal  shear  deformations.  Thus,  the  optimal  shape  for  strengthening  compos¬ 
ites  with  aligned  inclusions  depends  strongly  on  the  deformation  mode.  Alternatively,  the 
properties  of  composites  with  randomly  oriented  spheroidal  inclusions,  being  isotropic,  de¬ 
pend  only  on  the  concentration  and  shape  of  the  inclusions.  We  find  that  both  oblate  and 
prolate  inclusions  lead  to  significant  strengthening  for  this  class  of  composites. 

1.  INTRODUCTION 

In  this  work,  we  seek  to  estimate  the  effective,  or  overall,  constitutive  response  of  com¬ 
posite  materials  comprised  of  an  incompressible,  ductile  matrix  phase  reinforced  by  rigid, 
spheroidal  inclusions.  The  matrix  and  inclusions  are  assumed  to  be  perfectly  bonded,  and 
the  inclusions  are  further  assumed  to  be  small  compared  to  the  overall  dimension  of  the 
specimen  under  consideration.  Here,  we  are  interested  in  predicting  the  effects  of  the  vol¬ 
ume  fraction,  aspect  ratio  and  orientation  of  the  inclusions  on  the  effective  properties  of  the 
composite.  A  potential  application  of  this  study  would  be  in  the  optimal  design  of  materials 
in  which  a  nonlinear  ductile  phase  is  reinforced  by  relatively  stiff  inclusions.  These  materials 
include  some  metal-matrix  composites  and  intermetallics  reinforced  by  stiff  particles. 

Composites  with  linear  constitutive  behavior  for  both  the  matrix  and  inclusion  phases 
have  been  studied  extensively.  In  this  connection,  Eshelby’s  (1957)  celebrated  solution  for  the 
constant  stress  and  strain  fields  within  an  ellipsoidal  inclusion  in  an  infinite  matrix,  subjected 


2 


to  uniform  remote  tractions,  was  instrumental  in  many  developments,  including  the  determi¬ 
nation  of  the  effective  moduli  of  elastic  composites  with  dilute  concentrations  of  ellipsoidal 
inclusions.  This  fundamental  result  can  also  be  used  to  compute  the  effective  properties 
of  multi-phase  elastic  composites  with  nondilute  concentrations  of  the  phases.  Thus,  for 
this  purpose,  Budiansky  (1965)  and  Hill  (1965)  proposed  the  self-consistent  method  and  ob¬ 
tained  exphcit  expressions  for  the  effective  moduli  of  composites  with  isotropic  distributions 
of  spherical  inclusions.  Wu  (1966)  extended  the  use  of  the  self-consistent  method  to  predict 
the  effective  behavior  of  isotropic  composites  with  reindomly  oriented  ellipsoidal  inclusions. 
Another  remarkable  achievement  in  the  field  of  linear  composite  materials  was  the  develop¬ 
ments  of  new  variational  principles  by  Hashin  «md  Shtrikmam  (1962).  These  variational  prin¬ 
ciples  allowed  the  derivation,  by  Hashin  and  Shtrikman  (1963),  of  upper  and  lower  bounds 
for  the  effective  moduli  of  isotropic  compc^ite  materials  with  prescribed  volume  fractions  of 
the  phases,  but  otherwise  arbitrary  microstructure.  Extensions  of  this  class  of  bounds  for 
fiber-reinforced  composites  with  overall  transversely  isotropic  synunetry  were  first  given  by 
Hill  (1964)  and  Hashin  (1965).  Further  generalization  of  the  Hashin-Shtrikman  bounds  and 
self-consistent  estimates  for  anisotropic  linear  elastic  composites  have  been  given  by  Walpole 
(1966a,b,  1969)  and  Willis  (1977).  An  alternative  approach  in  the  study  of  composite  ma¬ 
terials  is  to  assume  periodic  microstructures  and  to  compute  the  effective  properties  of  the 
composite  from  a  boundeiry-value  problem  defined  on  the  unit  cell  with  periodic  boundary 
conditions.  This  approach  has  been  pursued  by  Nemat-Nasser  and  Taya  (1981)  and  Nemat- 
Nasser  et  al.  (1982).  For  a  more  complete  review  of  the  field  of  linear  composites,  the 
reader  is  referred  to  the  articles  by  Hashin  (1983)  and  Willis  (1982)  and  to  the  monograph 
by  Sanchez-Palencia  (1980). 
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Nonlinear  composite  materials  have  recently  been  the  subject  of  increased  attention.  Tal¬ 
bot  and  Willis  (1987)  and  Ponte  Castaneda  and  Willis  (1988)  (see  also  Willis  1991)  developed 
bounds  and  self-consistent  estimates  for  the  effective  behavior  of  nonlinear  composites  via  an 
extension  of  the  Hashin-Shtrikman  variational  principles  to  nonlinear  materials,  proposed  by 
Talbot  and  Willis  (1985).  More  recently,  Ponte  Castaneda  (1991a)  proposed  a  new,  concep¬ 
tually  simple,  variational  procedure  which  leads  to  more  general  bounds  and  estimates  for 
the  properties  of  nonlinear  composites.  The  procedure  makes  use  of  arbitrary  bounds  and 
estimates  for  classes  of  linear  comparison  composites  to  generate  bounds  and  estimates  for 
the  corresponding  classes  of  nonlinear  composites.  This  variational  procedure  has  been  used 
by  Ponte  Castaneda  (1991a,b,  1992)  and  deBotton  and  Ponte  Castaneda  (1992)  to  obtain  es¬ 
timates  for  the  properties  of  isotropic  particulate  composites  and  anisotropic  laminated  and 
fiber-reinforced  composites.  Other  contributions  in  the  field  of  nonlinear  composites  include 
the  work  of  Qiu  and  Weng  (1991)  dealing  with  the  shape  effect  on  the  overall  properties  of 
two-phase  elastic-plastic  composite  materials.  They  make  use  of  an  appropriate  adaptation 
of  the  method  of  Mori  and  Tanaka  (1973).  In  addition,  a  number  of  works  have  appeared 
recently  (see,  for  example,  Christman  et  al.  1989  and  Bao  et  aJ.  1991)  dealing  with  the 
effective  properties  of  periodic  composites;  these  being  computed  via  finite-element  analyses 
of  the  pertinent  unit-cell,  boundary- value  problems.  An  alternative  approach  advocated  by 
Duva  (1984)  (see  also  Duva  and  Hutchinson  1984),  and  used  more  recently  by  He  (1990)  and 
Lee  &;  Mear  (1991a,b),  is  to  make  use  of  the  solution  of  a  kernel  problem,  involving  an  inclu¬ 
sion  in  an  infinite  matrix  of  the  nonlinear  matrix  material,  to  generate  dilute  estimates  for 
the  nonlinear  composites.  Generalizations  to  nondilute  concentrations  may  be  accomplished 
by  the  use  of  the  differential  self-consistent  model  (McLaughlin,  1977). 
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This  paper  deals  with  the  effective  constitutive  behavior  of  nonlinear,  incompressible 
composites  that  are  reinforced  by  either  aligned,  or  randomly  oriented,  rigid  spheroidal  in¬ 
clusions.  We  concentrate  on  the  effect  of  the  inclusion  shape  on  the  effective  behavior  of 
the  nonlinear  composites.  The  method  of  analysis  is  based  on  Ponte  Castaneda’s  (1991a) 
variational  principle.  For  the  case  of  aligned  spheroidal  inclusions  with  overall  transversely 
isotropic  symmetry,  the  method  gives  explicit  expressions  for  the  effective  constitutive  behav¬ 
ior  of  the  nonlinear  composites  under  ^enena/ loading  conditions  (i.e.,  arbitrary  combinations 
of  axisymmetric  tension,  transverse  shear  and  longitudinal  shear).  For  the  case  of  randomly 
oriented  int  ms  with  overall  isotropic  symmetry,  the  method  also  gives  explicit  expres¬ 
sions  for  the  effective  behavior  of  the  composites,  but  in  this  case,  the  composites  being 
incompressible  and  isotropic,  there  is  essentially  only  one  loading  mode. 


2.  VARIATIONAL  CHARACTERIZATION  OF  EFFECTIVE  PROPERTIES 


Consider  a  general  specimen  of  a  nonlinear  heterogeneous  material  occupying  a  domain 
Q  (of  unit  volume)  with  boundary  dQ.  The  material  is  characterized  by  a  stress  potential 
U{x,a),  depending  on  position  x  and  the  stress  field  cr(x),  and  is  such  that  the  strain  field 
e(x)  is  given  by 


e(x)^ 


d[/  (x,  or) 
dor 


(1) 


Then,  the  effective  constitutive  relation  for  the  heterogeneous  material  may  be  defined, 
following  Hill  (1963),  in  terms  of 

(2) 


dW 

where  e  and  a  are  the  me£in  values  of  the  strain  and  stress  fields  over  11,  and  where  U  (^) 
denotes  the  effective  stress  potential  of  the  composite,  depending  on  the  imiform  stress 
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boundaiy  condition 

t(x)  —W  n,  X  G  dQ..  (3) 

In  this  last  relation,  t  is  the  traction  vector  and  n  is  the  outward  normal  to  dO.. 

The  effective  potential  function  U  (^)  may  be  obtained  directly  from  the  principle  of 
minimum  complementary  energy  as 

U  (a)  =  min  f  U{x,(T)dv,  (4) 

(r€S{a)  Jn 

where 

S{W)  =  {<t|  V  '<7  =  0  in  Q,  and  t(x)  =  ^  •  n,  x  G  90}  (5) 

represents  the  set  of  statically  admissible  stress  fields  satisfying  the  condition  (3). 

While  the  effective  behavior  of  the  composite  is  fully  described  by  U  in  terms  of  relation 
(2),  the  determination  of  U  from  (4)  and  (5)  presents  real  difficulties  in  that  it  requires  the 
solution  of  a  nonlinear  boundary  value  problem  with  complex  structure.  Ponte  Castaneda 
(1991a, b)  introduced  a  variational  principle  that  can  be  used  to  estimate  the  effective  po¬ 
tential  functions  of  nonlinear  composites  in  terms  of  optimization  problems  involving  the 
effective  potential  functions  of  appropriate  classes  of  linear  comparison  composites.  Thus, 
results  for  the  effective  properties  of  linear  composites  may  be  used  to  generate  correspond¬ 
ing  estimates  for  the  effective  properties  of  nonlinear  composites.  In  this  paper,  we  make  use 
of  the  Hashin-Shtrikman  bounds  of  Walpole  (1969)  and  Willis  (1977)  for  linear  composites 
with  spheroidal  inclusions  to  estimate  the  effective  constitutive  behavior  of  ductile-matrix 
materials  reinforced  by  rigid,  spheroidal  inclusions.  Ponte  Castaneda’s  variational  principle 
is  briefly  reviewed  in  the  following. 

We  consider  only  composites  with  incompressible,  isotropic  matrices.  Thus,  the  potential 
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function  for  the  nonlinear  matrix  may  be  written  in  the  form 


=  0(x,re),  (6) 

where 

(7) 

is  the  effective  shear  stress  and  <t'=  <t  —  is  the  deviatoric  stress  tensor. 

3 

Then,  under  certain  technical  hypotheses  (Ponte  Castaneda,  1992),  satisfied  in  this  paper, 
we  may  express  the  matrix  potential  function  in  terms  of  the  following  optimization  problem, 
namely, 

f;(x,o-)  =  m^{t/o(x,<T)- V(x,/io)},  (8) 

*io>0 

where  Uq  is  the  potential  function  of  an  incompressible,  linear-elastic  comparison  material 

with  shear  modulus  Hq{x),  such  that  C/o(x,<r)  =  ■  -  .  and  where 

2/io(x) 

V{x,fjLo)  =  m^{Uo{x,tr)  -  U{x.,cr)}  .  (9) 

Then,  the  effective  potential  function  of  a  given  nonlinear  composite  is  obtained  by 
averaging  relation  (8);  the  result  is  (Ponte  Castaneda,  1992) 

^  ^  ~  /^W)du}  ,  (10) 

where  Uo  (^)  =  min  /  Uq{x,  tr)dv  is  the  effective  potential  of  the  linear  comparison  com- 
(TPfUjf)  Jo. 

posite. 

Even  though  (10)  is  an  exact  expression  for  the  effective  potential  function  of  a  given 
nonlinear  composite,  it  involves  an  infinite-dimensional  optimization  problem  over  the  set 
of  non-negative  functions  ^lq{x).  Thus,  in  general,  the  variational  principle  (10)  is  at  least 


as  difficult  to  implement  as  the  classical  variational  principle  (4),  except  for  some  very 
special  microstructures  (e.g.,  laminated  composites;  see  deBotton  &  Ponte  Castaneda  1992). 
However,  it  may  be  shown  that  (10)  can  be  utilized  in  an  approximate  fashion  to  generate 
bounds  for  the  effective  properties  of  classes  of  nonlinear  composites  with  more  general 
microstructures.  This  is  discussed  next. 

We  begin  by  specializing  the  general  class  of  composites  considered  above  to  the  class  of 
two-phase  composites.  Each  phase  is  assumed  to  be  incompressible,  isotropic  and  homoge¬ 
neous,  characterized  by  a  convex  potential  function  t/^’‘^(<T)  =  (f>^'^\Tc)  (r  =  1  or  2,  for  phase 
1  or  2).  Further,  the  volume  fractions  of  each  phase,  denoted  by  -t-  =  1  for 

a  two-phase  composite),  are  also  assumed  to  be  known.  Even  then,  the  effective  potential 
function  given  by  (10)  requires  the  solution  of  an  infinite  dimensional  optimization  problem 
over  the  set  of  functions  /io(x).  However,  by  restricting  our  attention  to  the  class  of  piecewise 
constant  /xo(x)  (constant  in  each  phase  of  the  nonlineau-  material),  we  arrive  at  the  following 
lower  bound  approximation  for  the  effective  potential  function  of  the  nonlinear  composite, 
namely, 

U{v)>  m^  (^o(cr)-X!c^’’^V^^’'^(;^cr^)|.  (11) 

where  Hq  ’  emd  /Xq  '  are  the  values  of  ^io{^x)  in  phases  1  and  2,  respectively.  Also,  Uq  (^)  is 
now  the  effective  potential  function  of  a  linear  comparison  composite  with  precisely  the  same 
microstructure  as  the  nonlinear  composite,  and 

=  max  ( ■  (12) 

1 2/io  J 

We  note  that  the  inequality  in  (11)  arises  because  the  maximum  is  now  evaluated  over  a 
strictly  smaller  set  of  functions  (i.e.,  the  set  of  piecewise  constEUit  functions). 
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The  above  inequality  is  useful  because  the  optimization  problem  involved  is  two-dimensional, 
and  therefore  simpler  to  evaluate,  assiuning  that  we  have  estimates  for  the  effective  potential 
of  two-phase,  linear  composites.  In  fact,  if  we  have  a  lower  boimd  for  the  effective  potential 
of  the  linear  composites  Uo  (^),  then  (11)  generates  a  lower  boimd  for  the  effective  potential 
of  the  nonlinear  composite.  If,  on  the  other  hand,  we  have  an  upper  boimd  for  Uo  (^))  (H) 
generates  only  an  estimate  for  the  upper  bound,  which  is  generally  lower  than  the  true  upper 
bound. 

3.  NONLINEAR  ESTIMATES  FOR  COMPOSITES  WITH  RIGID  INCLUSIONS 

In  this  paper,  we  study  composites  made  up  of  an  incompressible,  isotropic  matrix  mate¬ 
rial  reinforced  by  either  aligned,  or  randomly  oriented,  rigid  spheroidal  inclusions,  as  depicted 
in  Figure  1.  The  shape  of  a  typical  inclusion  is  characterized  by  its  aspect  ratio  a  =  6/a. 
Thus,  oblate  spheroids  have  a  <  1,  prolate  spheroids  have  a  >  1  and  spheres  have  a  =  1. 
The  stress  potential  for  the  rigid  inclusions  (phase  2)  vanishes  identically  (i.e.,  <jP'^{Te)  =  0). 
Then,  to  be  able  to  make  use  of  (11),  we  need  to  obtain  estimates  for  the  effective  poten- 
tieils  Uo  of  linear  composites  with  rigid,  spheroidal  inclusions.  Such  results  may  be  obtained 
directly  from  the  work  of  Walpole  (1966a,b,  1969)  and  Willis  (1977)  (see  also  Willis  1982, 
and  Qiu  and  Weng  1990).  Although  these  authors  are  concerned  with  both  general  bounds 
of  the  Hashin-Shtrikman  type  and  self-consistent  estimates,  here  we  will  make  use  only  of 
the  appropriate  (non-trivial)  lower  bounds  for  the  effective  shear  modulus.  It  is  known  (see, 
for  example,  Milton  and  Kohn  1988)  that  these  lower  botmds  correspond  to  the  leiist  stiff 
isotropic  composites  which  may  be  made  with  fixed  volume  fractions  of  the  phases.  Further, 
these  extremal  composites  have  particulate  microstructures,  where  the  inclusions  are  mswie 
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of  the  rigid  phase.  Thus,  we  may  interpret  the  result  of  implementing  these  non-triviaJ 
Hashin-Shtrikman  bounds  into  (11)  as  (upper)  estimates  for  the  effective  potential  functions 
of  the  corresponding  nonlinear  composites.  We  begin  by  considering  the  case  of  composites 
with  aligned  inclusions,  and  consider  the  case  of  randomly  oriented  inclusions  later. 


3.1  Aligned  spheroidal  inclusions 

In  this  section,  we  consider  composite  materials  with  nonlinear,  incompressible  matrices 
and  aligned  rigid  spheroidal  inclusions.  We  note  that  this  case  was  also  briefly  considered 
by  Talbot  and  Willis  (1992),  although  explicit  results  of  the  type  obtained  here  were  only 
determined  for  the  special  case  of  aligned  rigid  disks.  While  each  phase  of  the  compos¬ 
ite  is  isotropic,  the  geometry  of  the  inclusions  is  such  that  the  composite  exhibits  overedl 
transversely  isotropic  symmetry.  The  direction  of  inclusion  alignment  provides  the  axis  of 
transverse  isotropy  (see  Figure  1(a),  where  Xi  defines  the  axis  of  symmetry). 

In  this  case,  an  upper  bound  for  the  effective  stress  potential  of  the  linear  comparison 


material  Uo  may  be  obtained  from  the  previously  mentioned  works  (see  Appendix  A).  The 
result  may  be  written 

=  (13) 


where 


*  4  ^  ^  *  p  ^  *  Tl  ) 


nW  u(0 

Here  is  the  shear  modulus  of  the  incompressible,  isotropic  matrix  material,  -c— ,  and 

are  given  by  relations  (53)  in  Appendix  A,  and  tj,  Xp  and  r„  (note  that  Te  =  (r^  +  +  x^)*^^) 

f^n 

are  the  three  transversely  isotropic  invariants  of  the  applied  stress  tensor  a,  corresponding 
to  the  three  independent  deformation  modes  for  an  incompressible,  transversely  isotropic 
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material;  axisymmetric  deformation,  transverse  shear  and  longitudinal  shear,  respectively 
(see  Appendix  B). 

Using  the  upper  boimd  (13)  for  the  effective  potential  of  the  linear  comparison  material 
t/o)  we  can  compute,  via  relation  (11),  an  upper  estimate  for  the  effective  stress  potential  of 
the  nonlinear  composite  U-  The  result  is 


(<r)  -  I  (f<'))'  -  c">  max  | ,  (15) 

which  can  be  shown  (by  interchanging  the  maxima  operations)  to  reduce  to 

(16) 

This  relation  expresses  the  effective  potential  function  of  the  nonlinear  composite  in  terms 
of  the  stress  potential  of  the  nonlinear  matrix  material  the  matrix  volume  fraction  c^*\ 
and  an  estimate  for  the  average  stress  in  the  matrix  (which  in  turn  depends  on 

the  appropriate  invariants  of  a,  on  the  matrix  volume  fraction  and  the  aspect  ratio  of  the 
inclusions  a).  We  emphasize  that  the  above  result  is  meant  to  be  interpreted  as  an  estimate 
(not  an  exact  result)  for  the  (weakest)  effective  behavior  of  the  class  of  composites  under 
consideration. 

Corresponding  to  the  three  invariants  of  the  stress  tensor  W,  we  can  identify  three  in¬ 
variants  of  the  strain  tensor  e:  the  deviatoric  shear  streiin  7^,  the  transverse  shear  strain  7p 
and  the  longitudinal  shear  strain  7„  (such  that  e*  =  1/n/3(7j  +  7^  +  7“)*''^;  see  Appendix 
B).  Then,  the  effective  stress-strain  relations  for  the  nonlinear  composite  may  be  expressed 
in  the  form 


^  -  c(‘)  ^  zi  M!! 

T<»)  aT<») 
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(17) 


"~  r(‘)  ■ 

It  is  seen  from  these  stress-strain  relations  that,  for  the  nonlinear  composite,  all  three  de¬ 
formation  modes  are  coupled  with  each  other  (for  example,  7^  depends  on  T<j,Tp  and  t„ 
through  /d¥^^).  This  is  in  contrast  with  the  corresponding  linear  composite  (see  (54) 
of  Appendix  A). 

So  far  we  have  derived  effective  constitutive  relations  for  a  nonlinear  matrix  material 
reinforced  by  aligned  rigid  spheroidal  inclusions  in  prescribed  volume  fraction  and  given  as¬ 
pect  ratio  of  the  inclusions.  Also,  unlike  the  results  of  other  investigations  dealing  exclusively 
with  axisymmetric  loading  conditions  (see  Bao  et  al.  1991,  and  Lee  and  Mear  1991a,b),  these 
results  apply  for  arbitrary  loading  conditions.  In  the  next  subsections,  we  specialize  these 
general  results  to  some  specisd  cases  of  theoretical  and  practical  importance.  For  example, 
the  limit  o  — »  00,  with  finite  inclusion  concentration,  results  in  a  composite  with  infinitely 
long  fibers  (continuous  reinforcement).  On  the  other  hand,  the  opposite  Umit  as  a  0, 
with  finite  inclusion  concentration,  corresponds  to  a  laminated  composite  material  (another 
case  of  continuous  reinforcement).  The  result  for  a  =  1  corresponds  to  spherical  inclusions 
(particulate  reinforcements).  The  last  two  cases  have  been  studied  in  some  detail  by  Ponte 
Castaneda  (1991a,b)  and  deBotton  and  Ponte  Castaneda  (1992). 
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3.1.1  Fiber-reinforced  composites 

In  the  limit  as  a  — »  oo,  for  a  fixed,  finite  concentration  of  inclusions,  an  asymptotic 
expansion  for  can  be  obtained  explicitly  from  (14)  and  (53).  The  leading  order  term  is 

(18) 

Correspondingly,  the  eflfective  potential  of  the  nonlinear  composite  reduces  to 

V  (Tf)  =  jny  ('  -  TT^)  +  ’^))  • 

This  equation  shows  that  the  response  of  the  nonlinear  composite  to  transverse  and  lon¬ 
gitudinal  shear  is  the  same.  On  the  other  hand,  the  composite  is  effectively  rigid  under 
axisymmetric  loading.  This  is  physically  reasonable  since  for  a  finite  volume  fraction  of  the 
inclusions,  the  inclusions  must  become  infinitely  long  as  a  — ^  oo.  Thus,  the  fiber-reinforced 
composite  has  just  two  effective  deformation  modes  (instead  of  three).  We  note  that  as  the 
inclusion  concentration  — »  0  in  (19),  the  potential  function  is  still  dependent  only  on  the 

shear  loading  modes. 

3.1.2  Needle-reinforced  composites 

For  the  fiber-reinforced  composite  discussed  above,  the  continuity  of  the  rigid  fibers 
severely  restricted  the  modes  of  deformation  possible.  We  consider  next  rigid  spheroidal 
inclusions  with  arbitrarily  large  aspect  ratios  but  with  finite  length.  These  aligned  thin 
needles,  each  of  length  2b  and  radius  a  =  eb  (with  e  =  1/a),  are  depicted  in  Figure  1.  If  the 
number  density  per  imit  volume  of  these  identical  needles  is  n2,  then  (see  Willis  1982)  their 
volume  fraction  may  be  expressed  in  the  form 

(20) 

O 
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We  note  that,  for  a  composite  with  fixed  number  density  n2,  the  concentration  >  0  «is 
a  — +  00  (e  — 0).  The  “axial  concentration”  of  these  needles  is  represented  by  n^h^- 

Taking  a  fixed  axial  concentration  7126^,  an  asymptotic  expression  for  the  effective  shear 
stress  in  the  matrix  is  given  by 


^1)  _  A  ,  -2  ,  _2  ,  =2 


(21) 


The  corresponding  effective  stress  potential  for  this  nonlinear  composite  material  is  then 
given  by  stress  (21)  by 


U  (<r)  = 


An2l^Tt\  ,2  .  ^2  .  ,2 


r3  +  t5  +  rj! 


(22) 


This  effective  stress  potential  is  dependent  on  all  three  deformation  modes — which  is  con¬ 
sistent  with  discontinuous  reinforcement.  Note  that  in  the  limit  as  a  — »  00  (e  -+  0), 
U  (ff)  —*  0^*^(re),  corresponding  to  the  behavior  of  the  matrix  material.  This  is  in  sharp 
contrast  with  the  continuous  fiber-reinforced  composite,  disaissed  in  the  previous  subsection, 
which  remains  rigid  with  respect  to  axisymmetric  loading  even  as  the  concentration  —*■  0. 
This  is  a  consequence  of  the  fact  that  the  limit  q  — +  00  is  singular  (the  limit  depends  on 
whether  is  taken  to  be  finite  or  zero). 


3.1.3  Laminated  composites 

In  the  limit  as  a  — *  0,  with  a  fixed,  finite  inclusion  concentration,  we  have,  asymptotically, 
that 


=  r 

»  —  '  n> 


whidi  results  in  an  effective  stress  potential 

V  (W)  =  c"V'"  (;;^)  . 


(23) 


(24) 
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This  behavior  is  consistent  with  the  behavior  of  a  two-phase  laminated  composite  with 
one  rigid  phase  since  the  only  mode  of  deformation  possible  in  this  case  is  shear  along  the 
plane  of  the  layers.  Thus,  for  fixed  inclusion  concentration,  the  above  result  is  in  agreement 
with  the  exact  solution  for  multiple-phase  laminated  composites,  derived  by  de  Botton  & 
Ponte  Castaneda(1992). 

3.1.4  Disk-strengthened  composites 

Next,  we  consider  spheroidal  inclusions  which  have  radius  a  and  height  2aa.  As  a  — »  0 
the  inclusions  become  flat  disks.  If  the  number  density  per  imit  volume  is  n2,  then  the 
volume  fraction  of  the  disks  is 

=  ^7rn2a®a,  (25) 

where  n2a^  represents  the  “transverse  concentration”  of  disks. 

The  effective  shear  stress  for  thin  disks  is  obtained  by  substituting  (25)  into  (14)  and 
taking  the  limit  (see  Willis  1982)  as  a  — ►  0,  with  n2  fixed  (note  that  —*■  0).  Then,  the 
leading  order  term  in  an  asymptotic  expansion  as  a  0  is  given  by 


The  corresponding  effective  potential  for  the  composite  with  thin  disks  is  obtained  by  sub¬ 
stituting  (26)  into  (16),  which  leads  to 


We  emphasize  that  in  this  case,  unlike  the  case  of  the  needle-reinforced  composite,  the  effect 
of  the  ‘flat’  rigid  disks  on  the  overall  response  of  the  nonlinear  composite  is  nontrivial.  We 
note  that  an  expression  analogous  to  the  above  relation  (in  terms  of  the  strain  potential 
instead  of  the  stress  potentieil)  has  been  developed  by  Talbot  and  Willis  (1992). 
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3.2  Randomly  oriented  inclusions 

The  composite  materials  considered  in  this  section  are  made  up  of  a  nonlinear,  incom¬ 
pressible  matrix  reinforced  by  rigid,  randomly  oriented,  spheroidal  inclusions,  as  shown  in 


Figure  1(b).  Thus,  the  composite  is  macroscopically  isotropic  and  incompressible.  Therefore, 
the  effective  stress  potential  U  depends  only  on  the  mean  effective  shear  stress  r*  (depen¬ 
dence  on  the  third  invariant  is  neglected:  see  Duva  1984).  To  obtain  an  upper  estimate  for 
U,  we  observe  that  =  0,  and  we  make  use  of  the  variational  statement  (11)  with  (Jo 
given  by  relations  (58)  in  Appendix  A.  The  result  is 


which  reduces  to 


U  (ff)  = 


C<')  ?  7  ’ 


where  is  given  by  (56)  in  Appendix  A.  This  equation  expresses  the  effective  stress  po¬ 
tential  of  the  nonlinear  composite  in  terms  of  the  stress  potential  of  the  matrix  material 
and  an  estimate  for  the  average  stress  in  the  matrix  (which  in  turn  depends  on  the  inclusion 
geometry  and  concentration).  Explicit  expressions  for  the  special  cases  of  needle-reinforced 


and  disk-reinforced  composites  may  be  obtained  in  a  similar  way  as  for  the  corresponding 
special  cases  for  the  composites  with  aligned  inclusions.  However,  in  the  interest  of  brevity, 
these  will  not  be  given  here. 


4.  APPLICATION  TO  COMPOSITES  WITH  POWER-LAW  MATRIX  MATERIALS 

So  far  we  have  derived  expressions  for  the  effective  properties  of  composites  comprised 
of  a  general  nonlinear  matrix  material  reinforced  by  rigid  spheroidal  inclusions,  which  are 
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either  aligned  or  randomly  oriented.  In  this  section,  we  specialize  the  previous  results  to 
composites  with  pure  power-law  behavior  for  the  matrix.  This  class  of  composites  has  also 
been  considered  recently  by  He  (1990)  and  Lee  &  Mear  (1991),  who  generalized  the  calcu¬ 
lations  of  Duva  (1984)  for  spherical  rigid  particles  to  spheroidal  inclusions.  As  mentioned 
earlier,  their  method  considers  an  isolated  rigid  spheroidal  inclusion  embedded  in  an  infinite 
power-law  matrix  material,  which  is  subjected  to  axisymmetric  remote  loading  with  respect 
to  the  spheroidal  inclusion.  In  contrast,  our  results  account  approximately  for  inclusion 
interaction  (without  the  need  of  the  differential  self-consistent  scheme)  and  general  remote 
loading  conditions.  Duva  &  Storm  (1989)  have  also  obtained  dilute  concentration  results 
for  the  plane  strain  deformation  of  fiber  composites  reinforced  by  rigid  fibers.  A  brief  com¬ 
parison  of  the  results  of  this  paper  with  the  numerical  results  of  the  these  other  authors  is 
given  in  Appendix  C.  Numerical  results  for  the  axisymmetric  response  of  power-law  materi¬ 
als  reinforced  by  aligned  spheroidal  inclusions,  with  periodic  microstructures,  have  also  been 
given  by  Bao  et  al.  (1991).  Comparison  with  these  results  will  be  given,  as  far  as  possible, 
in  the  following  discussion. 

4.1  Composites  with  aligned  inclusions 

The  power-law  matrix  material  is  described  by  the  stress  potentied 

C/'->W=^'->(r.)  =  ;^(|)"",  (30) 

where  Tq  is  an  appropriate  stress  normalization  factor,  which  has  the  interpretation  of  the 
yield  stress  in  shear  in  the  limit  as  n  — ►  oo,  and  where  ao  = 

The  effective  stress  potential  for  the  nonlinear  composite  is  obtained  by  substituting  (30) 
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into  (16).  The  results  is 


n+1 


(31) 


(32) 


where  is  given  by  (14).  The  corresponding  stress-strain  relations  are 

7.  =  V3(c"1)'-">'^^  , 

'  t‘1  K^o )  ’ll 

%  =  ^/3  ^  i  , 

^  '  /*,  V’H/  ’■o 

Mn  \  ’ll  /  ’I 

These  general  results  will  be  studied  through  severed  specific  examples  in  the  following  sub¬ 
sections. 

4.1.1  Effective  behavior  under  single-mode  loading 

We  study  each  of  the  three  independent  deformation  modes  of  the  incompressible,  trans¬ 
versely  isotropic  composite  first.  If  only  axisymmetric  loading  Ta  is  applied  to  the  composite, 
then  equation  (14)  reduces  to 

=  (^)  -- 


T<*) 


Thus,  the  effective  potential  of  the  nonlinear  composite  U  may  be  written  in  the  form 

where  (to)^  and  (^o)d  are  the  stress  normalization  factors  in  shear  and  tension,  respectively, 
for  axisymmetric  loading,  and  are  given  by 

-5-  =  -^2-  =  f 

(?o)d  (So)^  ^  UdJ 


(35) 
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Here  is  given  by  (53).  We  note  that  as  n  -♦  oo,  (ao)d  corresponds  to  the  tensile  flow 
stress  of  the  composite  under  axisymmetric  loading. 

Similar  results  may  be  derived  for  transverse  and  longitudinal  shear  loading  with  (to)p 
and  (To)n  as  the  effective  stress  normalization  factors  in  transverse  and  longitudinal  shear, 
respectively.  These  may  be  expressed  by  the  relations 


To  ^  ^ 

(^o)p  ^  ^  I  Mp 


(n+l)/2n 


{To)n  \f^nJ 


In  Figures  2  to  4,  we  show  plots  of  the  inverse  of  these  three  effective  stress  normalization 
factors  for  a  linear  (n  =  1)  and  nonlinear  (n  =  10)  matrix  material,  respectively,  as  functions 
of  the  inclusion  concentration.  The  composites  presented  in  these  figures  have  inclusions  with 
shapes  that  vary  from  oblate  (a  <  1)  to  prolate  (a  >  1)  spheroids.  We  discuss  next  the 
effect  of  five  different  inclusion  shapes  (a  =  0.01,  0.1,  1,  10,  50)  on  the  effective  properties 
for  the  three  different  deformation  modes. 


Figures  2(a)  and  2(b)  show  the  effective  behavior  of  composites  with  aligned  rigid  spheroidal 
inclusions  under  axisynunetric  loading.  It  can  be  seen  that  both  prolate  and  oblate  spheroids 
give  rise  to  stronger  axisymmetric  responses  than  spheres.  We  also  observe  that  the  response 
of  prolate  spheroids  is  relatively  stiffer  than  that  of  oblate  spheroids  (e.g.,  needles  with  a  =  50 
are  stiffer  than  plates  with  a  =  0.01).  Comparing  Figures  2(a)  and  2(b),  it  is  evident  that 
the  effect  of  increasing  material  nonlinearity  is  to  relax  the  strengthening  influence  of  all 
particle  shapes.  For  example,  a  linear  composite  (n  =  1)  containing  a  10%  volume  fraction 
of  prolate  inclusions  (with  an  aspect  ratio  a  =  10)  is  approximately  3.5  times  as  strong  as 
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the  matrix  material.  Similarly,  if  the  inclusions  have  an  aspect  ratio  a  =  50,  the  compos¬ 
ite  is  approximately  50  times  as  strong  as  the  matrix  materiaJ.  On  the  other  hand,  for  a 
nonlinear  composite  (n  =  10),  these  two  inclusion  shapes  make  the  material  approximately 
2  and  6.6  times  as  strong  as  the  matrix  material,  respectively.  In  the  limit  as  a  — »  oo,  the 
composite  shows  a  rigid  response  ((^o)d  —*■  oo)  to  axisymmetric  loading.  This  is  consistent 
with  the  behavior  of  composites  reinforced  by  rigid  fibers  as  discussed  in  Subsection  3.1.1. 
In  the  opposite  limit  as  a  — ►  0,  (^o)d  oo,  which  means  that  the  composite  also  becomes 
rigid  with  respect  to  axisymmetric  loading  in  this  limit.  This  is  consistent  with  the  behavior 
of  incompressible  laminated  materials  reinforced  by  rigid  layers  as  discussed  in  Subsection 
3.1.3. 

Figmes  3(a)  and  3(b)  present  the  effective  behavior  of  linear  (n  =  1)  and  nonlinear 
(n  =  10)  composites  under  transverse  shear.  It  is  found  that  the  oblate  spheroids  (a  =  0.01) 
provide  far  greater  strengthening  than  the  prolate  spheroids  (a  =  50).  This  is  because  oblate 
spheroids  have  larger  dimensions  in  the  xa  —  xs  pleme  (see  Figure  1),  and  therefore  resist 
this  deformation  mode  more  effectively.  A  nonlinear  composite  (n  =  10)  reinforced  by  10% 
volume  fraction  of  prolate  inclusions  (with  a  =  50)  is  only  1.07  times  as  stiff  as  its  matrix 
material,  while,  if  it  is  reinforced  by  oblate  inclusions  (with  a  =  0.01),  it  is  3.6  times  as 
stiff  as  the  matrix  material.  Also  note  that,  a  composite  containing  prolate  inclusions  with 
an  aspect  ratio  a  =  10  has  almost  the  same  strength  as  a  composite  reinforced  by  prolate 
inclusions  of  aspect  ratio  q  =  50.  As  a  — ♦  oo,  (to)^  reaches  a  limit  which  almost  coincides 
with  its  value  at  a  =  50.  This  limit  inclusion  shape  provides  a  finite  strengthening  of  the 
composite  material,  which  is  consistent  with  the  behavior  of  rigid  fiber-reinforced  materials. 
In  fact,  prolate  spheroids  provide  less  stiffening  than  do  spheres  imder  transverse  shearing. 
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In  the  opposite  limit,  as  the  inclusions  become  plate-like  (a  0),  we  obtain  (fo)p  — »  oo.  The 
composite  is  thus  rigid  with  respect  to  the  transverse  shear  loading  mode,  which  corresponds 
to  the  behavior  of  laminated  materials  reinforced  by  rigid  layers.  Finally,  we  note  that  under 
applied  transverse  shear  loading,  the  fiber  material  can  be  treated  as  a  plane  strain  problem. 
Duva  &  Storm  (1989)  have  studied  this  plane  strain  problem  numerically  for  the  case  of  one 
rigid  fiber  in  an  infinite  matrix.  Comparing  their  dilute  results  with  our  results  (as  a  — ^  oo), 
we  find  that  there  is  little  difference  between  the  two  sets  of  results.  For  example,  if  we 
compare  the  eflfective  stress  potential  calculated  by  Duva  &  Storm  with  that  of  our  explicit 
estimation,  the  difference  is  less  than  5%  for  a  nonlinear  matrix  (with  n  =  10),  as  discussed 
in  some  detail  in  Appendix  C. 

Figures  4(a)  and  4(b)  show  the  effect  of  rigid  inclusions  on  the  effective  strength  under 
longitudinal  shear  (r„)  for  a  linear  (n  =  1)  and  a  highly  nonlinear  matrix  (n  =  10).  For 
this  type  of  loading,  we  find  that  spherical  inclusions  provide  the  largest  strengthening  (of 
these  five  inclusion  shapes)  while  oblate  spheroids  provide  the  least.  It  is  interesting  to  note, 
that  in  the  limit  as  a  — »  oo,  the  composite  has  the  same  strength  imder  tremsverse  shear 
loading  (discussed  in  the  previous  paragraph)  as  under  longitudinal  shear  ((to)„  and  (fo)p 
reach  the  same  limit).  Since,  for  oblate  inclusions,  the  longitudinal  shear  mode  corresponds 
to  a  shearing  deformation  in  a  plane  normal  to  their  axis  of  symmetry,  the  strengthening 
effect  of  these  rigid  oblate  spheroidal  inclusions  is  significantly  less  for  this  deformation 
mode  than  for  the  other  two  deformation  modes  discussed  above.  In  the  limit  of  a  — »  0,  the 
oblate  inclusions  become  flat  layers  and  the  shearing  deformation  is  concentrated  along  the 
matrix  material  between  these  rigid  flat  layers.  This  corresponds  precisely  to  the  response 
of  laminated  materials  (with  one  phase  rigid)  which  have  only  the  longitudinal  shear  mode 
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available,  as  discussed  in  Section  3.1.3.  Thus,  of  the  five  inclusion  shapes  studied  here,  oblate 
and  prolate  inclusion  shapes  provide  less  resistance  to  the  longitudinal  shear  than  spherical 
inclusions. 

Figure  5(a)  gives  results  for  all  three  deformation  modes  (axisymmetric  loading,  trans¬ 
verse  shear  and  longitudinal  shear)  in  the  perfectly-plastic  limit  (n  — >  oo).  For  each  loading 
mode,  the  ratio  of  the  matrix  flow  stress  to  the  effective  flow  stress  (ro/(fo)<i,  To/(ro)p, 
'h)/(^o)n)  is  plotted  as  a  function  of  a,  with  a  fixed  inclusion  concentration  =  0.2.  For 
the  axisymmetric  deformation  mode,  prolate  spheroids  eire  stiffer  than  oblate  spheroids  if  we 
compare  a  prolate  shape  with  aspect  ratio  a  with  the  oblate  shape  which  has  a  reciprocal 
aspect  ratio  1/a.  The  weakest  reinforcement  is  given  by  the  oblate  shape  with  a  w  0.64, 
which  is  even  less  effective  in  increasing  the  axisymmetric  strength  than  the  spherical  shape 
(a  =  1).  On  the  other  hand,  for  the  transverse  deformation  mode,  the  largest  reinforce¬ 
ment  is  given  by  the  oblate  shape  with  aspect  ratio  a  —  0.  As  a  increases  from  0  to  oo, 
the  strengthening  effect  decreases  continuously.  In  the  limit  as  a  — >  oo,  the  strength  of 
the  composite  approaches  the  transverse  shearing  strength  of  fiber-reinforced  composites. 
The  reinforcement  provided  by  rigid  inclusions  to  the  longitudineJ  shear  mode  is  (generally) 
weaker  than  that  for  the  other  two  deformation  modes.  As  a  0,  the  inclusions  have  no 
reinforcing  effect  on  the  flow  strength  of  the  composite.  In  the  opposite  limit  as  a  — »  oo,  the 
longitudinal  shear  flow  strength  approaches  that  of  the  fiber-reinforced  materials.  It  is  noted 
that  the  strongest  reinforcement  for  this  deformation  mode  is  given  by  a  prolate  shape  with 
a  1.4. 

Thus,  for  composites  with  aligned  rigid  spheroidal  inclusions,  there  is  no  inclusion  shape 
which  provides  optimal  strengthening  for  all  of  the  three  independent  deformation  modes. 
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Needles  give  a  stronger  response  (strongest  overall)  for  one  mode  (axisymmetric  mode), 
whereas  disks  provide  significant  reinforcement  for  two  modes  (axisymmetric  mode  and  trans¬ 
verse  shear  mode).  Thus,  the  optimal  choice  of  particle  shape  in  a  given  application  depends 
on  the  particular  service  load  to  which  the  composite  will  be  subjected. 

Bao  et  eJ.  (1991)  have  carried  out  a  study  of  the  tensile  flow  stress  of  a  two-phase 
composite  with  periodic  microstructures  using  imit-cell,  finite-element  calculations.  While 
the  matrix  material,  inclusion  shape  and  loading  mode  utilized  by  these  authors  are  identical 
to  those  utilized  in  this  work,  the  distribution  of  inclusions  in  their  work  is  periodic.  With  this 
difference  in  mind,  we  compare  the  effect  of  spheroidal  inclusion  shape  on  the  axisymmetric 
tensile  flow  stress  of  composites  with  inclusion  concentration  =  0.1  (our  estimates  may 
be  obtained  from  Figure  5(b)).  For  rigid  spherical  inclusions  in  a  perfectly  plastic  matrix 
(n  oo),  the  effective  tensile  flow  stress  predicted  by  our  method  is  ao  /o’o  =  1-0695,  while 
the  corresponding  result  of  Bao  et  al.  (for  a  periodic  microstructure)  is  ao  /<To  =  1.025  (from 
the  curves  in  Figure  6  of  their  paper).  For  an  aspect  ratio  a  =  0.1  (or  10),  the  tensile  flow 
stresses  shown  in  Figure  5(b)  is  cq  /<to  =  1.2  (or  1.742).  The  corresponding  result  of  Bao 
et  al.  is  Co  /co  =  1.36  (or  1.62)  (from  the  curves  in  Figure  6  of  their  paper).  Thus  the 
predictions  of  both  methods  are  in  qualitative  agreement  for  these  three  inclusion  shapes. 

Finally,  we  note,  for  completeness,  that  for  the  special  case  of  disk-reinforced  composites 
we  obtain  the  following  simple  expressions  for  the  effective  stress  normalization  factors  in 
the  three  different  modes: 
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(ro)n 

We  observe  that  the  longitudinal  shear  stress  normalization  factor  (40)  is  unity  indicating 
that  the  longitudinal  shear  mode  is  not  affected  by  the  presence  of  thin  disk-like  inclusions. 
On  the  other  hand,  the  axisymmetric  and  transverse  shear  modes  (38  and  39)  are  both 
sensitive  to  the  presence  of  thin  disks  through  the  parameter  naa^.  If  this  parameter  n2a^ 
oo,  the  material  becomes  effectively  rigid  under  these  two  modes  of  deformation,  as  expected. 
Corresponding  results  can  also  be  easily  written  down  for  needle-reinforced  composites. 

4.1.2  Effective  behavior  under  multiple-mode  loading 

An  interesting  difference  between  the  effective  behavior  of  linear  and  nonlinear  composite 
materials  is  depicted  in  Figures  6  and  7,  where  the  coupling  between  different  deformation 
modes  is  analyzed  for  the  nonlinear  composites.  As  is  well-known,  the  effective  response 
of  linear,  incompressible  fiber-reinforced  composites  with  transversely  isotropic  symmetry  is 
such  that  there  is  no  coupling  between  the  three  independent  modes  of  deformation  available 
for  such  materials  (see  (52)).  However,  this  is  not  the  case  for  nonlinear  materials.  For 
example,  if  we  preload  a  nonlinear  composite  (matrix  with  n  =  10  and  aligned  prolate 
spheroids  with  a  =  10  and  =  0.2)  with  axisymmetric  stresses  Xd/ro  =  0.1, 2.8  and  3.5, 
the  deformation  of  the  nonlinear  composite  is  correspondingly  cheu'acterized  by  strains  7^ 
as  given  by  (32)  with  (33).  If  we  now  increase  the  transverse  shear  stress  Tp,  we  observe 
(Figure  6)  a  significant  further  increase  in  the  axisymmetric  strain  7^.  By  comparison,  the 
corresponding  linear  composite  would  not  show  further  increase  of  the  axisymmetric  strain 
7d  under  increasing  transverse  shear  stress  Tp.  This  example  cleeirly  illustrates  the  significant 
coupling  between  the  different  loading  modes  for  nonlinear  composites. 

Another  example  is  given  in  Figure  7,  which  shows  plots  the  axisymmetric  stress  tj  versus 


the  axisymmetric  shear  strain  7^  for  the  same  composite  discussed  above.  In  this  figure, 
however,  the  composite  has  been  preloaded  with  three  different  values  of  the  transverse 
shear  stress  (Tp/xo  =  0.0, 1.0, 1.5).  We  observe  that  the  effect  of  the  transverse  shear  preload 
is  to  significantly  reduce  the  axisymmetric  load  carrying  capability  of  the  composite. 


4.2  Composites  with  randomly  oriented  inclusions 

In  the  previous  section,  we  observed  that,  for  aligned  spheroidal  inclusions,  there  is 
no  aligned  rigid  spheroidal  inclusion  shape  which  provides  optimal  strengthening  for  all 
deformations.  In  this  section,  we  study  the  shape  effect  for  randomly  oriented  inclusions. 
By  substituting  the  general  power-law  material  description  (30)  into  the  effective  potential 
for  nonlinear  materials  reinforced  with  randomly  oriented  rigid  spheroids  (29),  this  effective 
stress  potential  may  be  written  in  the  form 


U{W)  = 


n+  1 


(41) 


where  <7e(=  V^e)  is  the  effective  average  stress,  and  where  the  effective  stress  normalization 
factor  0^0  is  given  by 
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with  given  in  turn  by  (56). 

Figures  8  show  plots  <70/  0^0  versus  inclusion  concentration  for  a  linear  (n  =  1)  and  a 
strongly  nonlinear  composites  (n  =  10)  with  randomly  oriented  rigid  spheroidal  inclusions. 
It  can  be  seen  that  prolate  spheroids  with  a  =  50  are  close  to  oblate  spheroids  with  a  =  0.01 
(the  prolate  spheroids  are  slightly  stiffer).  This  similarity  in  behavior  is  in  marked  contrast 
with  the  very  different  behaviors  displayed  by  aligned  prolate  and  oblate  spheroids  under 
different  loading  modes.  Also,  while  the  spherical  inclusions  result  in  the  least  strengthening 
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for  a  given  concentration  in  these  isotropic  materials,  there  are  loading  modes  (see  Figure 
4)  for  which  spherical  inclusions  produce  stronger  effective  behavior  than  aligned  prolate  or 
oblate  spheroids  (at  a  given  concentration). 

A  study  on  the  tensile  flow  stress  of  a  composite  reinforced  by  rigid,  randomly  oriented, 
packet  morphologies  has  been  carried  out  by  Bao  et  aJ.  (1991)  using  finite  element  calcula¬ 
tions.  While  it  is  not  possible  to  make  direct  comparisons  of  our  results  with  theirs,  there 
are  qualitative  similfirities  in  some  of  the  findings.  For  example,  we  find,  just  like  Bao  et 
al.,  that  the  inclusion  shape  with  a  =  10  provides  stronger  reinforcement  than  the  inclusion 
shape  with  o.  —  0.1. 

It  is  interesting  to  examine  the  limits  as  a  — ^  0  and  a  — ^  oo,  with  a  fixed,  finite  in¬ 
clusion  concentration  From  (42),  we  obtain,  respectively,  the  following  effective  stress 
normalization  factors 
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We  observe  that,  in  both  of  these  limits,  the  stress  normalization  factor  ao  becomes  un¬ 
bounded.  As  discussed  in  Section  3,  these  two  limits  correspond  to  rigid  fibers  and  rigid  flat 
layers,  respectively.  Thus,  in  these  limits,  it  is  clear  that  an  orientational  average  will  lead  to 
perfectly  rigid  behavior  for  the  composite.  A  more  sensible  approach  is  to  consider  the  limits 
as  a  — +  0  and  a  — »  oo,  with  fixed  density  of  the  inclusions  (712).  These  limits  correspond 
to  the  cases  of  randomly  oriented  disks  and  needles,  respectively.  Thus  the  effective  stress 
normalization  factor  for  the  case  of  thin  needles  (with  aspect  ratio  a)  is  given  by 
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and  the  corresponding  factor  for  disks  is  given  by 


<^0  \ 
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We  note  that  infinitely  thin  needles  provide  no  reinforcement,  whereas  infinitely  thin  disks 
do  provide  some  finite  reinforcement  (depending  on  the  density  of  disks). 


5.  CONCLUSIONS 

In  this  paper,  we  have  studied  the  effective  constitutive  behavior  of  composites  made 
up  of  incompressible,  ductile  materials  reinforced  by  either  aligned,  or  randomly  oriented, 
rigid  spheroidal  inclusions.  The  method  of  solution  is  based  on  the  variational  principle 
of  Ponte  Castaneda(1991a)  for  nonlinear  inhomogeneous  media.  When  the  rigid  inclusions 
are  aligned,  the  resulting  composites  are  transversely  isotropic  (and  incompressible),  and 
char8«:terized  by  three  independent  modes  of  deformation  -  axisymmetric  tension,  transverse 
shear  and  longitudinal  shear.  When  the  rigid  inclusions  are  remdomly  oriented,  the  resulting 
composites  are  isotropic  (and  incompressible),  and  are  (approximately)  characterized  by  one 
deformation  mode  (e.g.,  tensile  loading). 

For  the  aligned-spheroid  composites,  the  axisymmetric  loading  mode  has  been  studied 
extensively  in  the  recent  past.  However,  the  transverse  shear  and  longitudinal  shear  modes 
of  deformation  for  these  composites  have  hardly  received  any  attention.  In  this  work,  we 
have  obtained  explicit  expressions  for  the  constitutive  response  of  these  composites  under 
general  loading  conditions  (including  transwrse  and  longitudinal  shear  loading),  and  for  fi¬ 
nite  (nondilute)  concentrations  of  the  inclusions.  In  addition,  simple  expressions  have  been 
obtained  for  the  special  cases  of  aligned  rigid  needles  and  disks.  The  results  show  that  the 
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optimal  choice  for  the  shape  of  the  particle  reinforcement,  within  this  class  of  composites, 
depends  strongly  on  the  service  load  to  which  the  composite  will  be  subjected.  We  also  note 
that  the  nonlinear  aligned-spheroid  composites  exhibit  strong  coupling  between  the  three 
possible  modes  of  deformation  for  these  composites.  By  comparison,  such  coupling  is  not 
present  for  the  corresponding  linear  composites.  For  composites  reinforced  by  randomly  ori¬ 
ented  spheroidal  inclusions,  we  find  that  both  the  prolate  smd  oblate  spheroidal  inclusions 
provide  significant  reinforcement.  We  conclude  by  noting  that  more  complicated  microstruc¬ 
tures  that  the  ones  considered  in  this  work  may  eventually  lead  to  metal-matrix  composites 
with  superior  effective  properties.  We  hope  that  the  method  developed  in  this  work  will 
serve  as  a  useful  tool  in  the  optimal  design  of  such  microstructiires. 
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APPENDIX  A:  LINEAR  COMPOSITES  WITH  RIGID  SPHEROIDAL  INCLUSIONS 


A.l  Composites  with  aligned  incltisions 

The  results  given  here  axe  based  on  the  works  of  Hill  (1965),  Walpole  (1966a, b,  1969)  and 
Willis  (1977)  (see  also  Willis  1982  and  Qiu  and  Weng  1990)  on  linear,  anisotropic  composite 
materials.  Consider  a  two-phase  composite  material,  as  depicted  in  Figure  1,  in  which  the 
spheroidal  inclusions  are  either  aligned  in  xi  direction  or  randomly  oriented.  The  matrix 
and  the  stiffer  inclusion  materials  are  labeled  phase  1  and  2,  respectively.  Also,  the  volume 
fraction  of  phase  1  and  phase  2  are  denoted  by  c^^^  and  c^^^  (c^*^  -f-  c^^^  =  1).  In  the  following 
discussion,  fourth-order  symmetric  tensors  will  be  denoted  by  upper-case  italicized  Roman 
letters,  while  second  order  tensors  will  be  denoted  by  bold-face,  Greek  letters. 

The  mechanical  properties  of  each  phase  will  be  diaracterized  by  fourth-order  compliance 
tensors,  which,  using  Hill’s  convention,  may  be  written  in  the  form 

where  and  are  the  bulk  modulus  and  shear  modulus,  respectively,  of  the  rth-phase 
material. 

Then,  the  effective  compliance  tensor  M  of  the  two-phase,  linear  composite  may  be 
expressed  in  the  form 

( E  >  (48) 

r=l  U=1  J 

where  is  the  stress  concentration  factor  tensor  (Hill,  1965),  given  by 

=  |/  -f-  (/  -  ,  (49) 
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In  this  last  relation,  is  the  compliance  tensor  of  a  comparison  material,  I  is  the  fourth- 
order  identity  tensor,  and  5^°^  is  the  Eshelby’s  tensor  corresponding  to  a  matrix  made  of 
the  comparison  material.  For  a  transversely  isotropic  material,  may  be  expressed,  in 
Walpole’s  notation,  as 

c(0)  _  /c(®)  _L  tyqW  90(0)  cW  c(®)  "V 

<J  —  W2222  '  ‘J2233>  *^1111*  ^•^2323>  ^‘^1212)  *^1122>  '^221ll) 


where  the  relevant  components  are  given  explicitly  in  Appendix  B. 

In  order  to  obtain  the  required  upper  bound  for  the  effective  compliance  (a  lower  bound 
for  the  stiffness)  of  the  linear  composite,  the  compliance  of  the  comparison  material  in 
(48)  and  ()  must  be  chosen  to  be  the  less  stiff  phase  (i.e.,  Then,  after  some 

algebra,  (48)  may  be  rewritten  in  the  form 

M=  -iy^  +  c<i)(/  _  5(i))j  (51) 


where  is  the  Eshelby  tensor  with  phase-1  as  the  matrix  material.  Finally,  since  the 
inclusions  are  rigid  (i.e.,  —*  oo,  and  —*■  oo,  so  that  =  (0,0)),  and  the  matrix 

material  is  incompressible  (i.e.,  oo),  the  transversely  isotropic  tensor,  M,  reduces  to 


where 


M= 


1 


1 


1 


1 


Md  2/Xp  2/i„ 


1 


j;  =  ^  ■  1  -  c(0/(a)  ’ 

^(1)  ^  ^  C^2) 

?p  c(2)  -I-  2c(0^^  ’ 

H—  - 

c<2)  +  2c(05S5i2 


(52) 


(53) 
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Here  /  is  a  function  of  the  inclusion  aspect  ratio  o,  and  is  given  in  Appendix  B.  Thus,  the 
effective  stress  potential  JJo  of  the  linear  composite  has  the  form  (see  Walpole  1969;  deBotton 
&  Ponte  Castaneda  1992) 


Uq  (a-)  =  -^tI  + 


where  Td,Tp  and  r„  are  the  three  transversely  isotropic  invariants  of  the  applied  stress  ten¬ 
sor  W,  corresponding  to  the  three  independent  deformation  modes  for  an  incompressible, 
transversely  isotropic  material:  axisymmetric  stress,  treinsverse  shear  stress  and  longitudinal 
shear  stress,  respectively  (see  Appendix  B). 

A. 2  Composites  with  randomly  oriented  inclusions 

When  the  inclusions  in  the  composite  are  randomly  oriented,  the  expression  for  the  effec¬ 
tive  compliance  of  the  composite  (48)  must  be  replaced  by  (this  is  based  on  the  orientation 
average  of  strain  field,  as  in  Wu  (1966)  and  Walpole  (1966b)) 

M=  {b®})  (c">/  +  c<»  {B®})"'  .  (65) 

where  |  B**^  |  denotes  the  orientational  average  of  tensor  B**l .  We  note  that  on  account  of  the 

incompressibility  and  isotropy  of  the  composite,  we  may  write  M—  ( 0,  -^  ] .  Some  compli- 

V  2fiJ 

cated  algebra  leads  to  the  following  result  for  the  effective  shear  modulus  of  the  composite, 
appropriately  normalized,  namely, 

^  ^  5c(>)(l  -  e,)(l  -  /,)  [3  -h  2(g,  -h  hs)  -  (2d,  +  c,)] 
p  A,{g,  +  h,)  +  B,eJ,  +  C,{e.  +  f,)-\-Ds  ^  ^ 


where 


Cj  —  1  —  (522M  +  52233)*  d*  —  1  —  5iJii, 
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e,  —  1  —  25'23^,  /,  —  1  —  251212  > 

Qs  —  — ‘S’iiM*  ha  =  — 52211  • 

>1,  =  I0c(i)e -  2(5  -  3c(2))(e,  +  /,)  +  2(5  -  c^^)), 
Ba  =  3(5  -  4c<2))  -  5c(*>(2d,  +  c.), 

C,  =  (5  -  3c(2))(24  +  ca)  -  3(5  -  2c(2)), 

Da  =  -(5  -  c(2))(2d,  +  Ca)  +  15. 

Then,  the  corresponding  potential  function  for  the  isotropic  composite  is 

Uo  (^)  = 

2/i 


(57) 


(58) 
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APPENDIX  B 


Letting  the  xi  coordinate  axis  define  the  axis  of  transverse  isotropy  (see  Figure  1(c)),  the 
three  transversely  isotropic  invariants  of  the  stress  tensor  a  are  given  by 


2  1 

=  3 

2(^33  +  0^22)  —  t^llj  ) 

Tp  —  (T2Z  +  ^(0’33  —  <r22)^) 

(59) 

~  *^12  +  <^13* 

Correspondingly,  the  three  transversely  isotropic  invariants  of  the  stain  tensor  strain  are 
given  by 

7J  =  2  [2^^^  “  ^n]  ' 

7p  =  4  +  ^(^33  -  £22)^j  ,  (60) 

7^  =  4(e?2  +  ey. 


Also,  for  a  spheroidal  inclusion,  aligned  with  the  xj  axis,  the  components  of  the  Eshelby’s 
tensor  are  (Eshelby,  1957) 

3q^  —  1 


c(o)  _ 
•^1111  — 


2(1 

c(o)  _  c(0)  _ 

OoMO  —  *33333  — 


J _ /i_ 

r 


2l/<»>  + 


a=-  1 


8(1  -  i/(°))  -  1  4(1 -i/W) 


1  -  - 


qW  _  c(^)  _ 

<32233  —  <33--- 


’3322 


4(1 


1  r 

-I/W)  \2(a2-l) 


1  -  + 


4(q' 


4(q2  _  1) 

N’l’ 


’2211  -  5^11  -  -0.1  _^(0))a2_l  +  4(1  -  1/W) 


j(0)  _  c(0)  _ 


qW  _  q(0) 

<31122  —  <3  - 


1133 


2(1 

_ (- 

2(1  - 1/(0))  \ 


(61) 


1  +  2i/<®)  - 


—  1 


+  l-2i/<°^  + 


2(a2 
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o(0)  _  o(0)  _  1  f.  o,.(0)  a^  +  1  If,  o.iO)  3(a2  +  l)l  1 

S12.2 - s.3.3 - 4(iT;;(0)j Y  2^  ““SJrrJ*/’ 


o(0)  c(0) 

c.(0)  _  <32222  ~  <32233 

*30303  —  - r - , 


where  1/^°^  is  the  Poisson’s  ratio  of  the  matrix  material,  a  =  b/a  is  the  aspect  ratio  of  the 
spheroidal  inclusion  in  Figure  1(c),  and  g  is  given  by 

9  =  (q2  -^1)3/2  ~  ~  cosh~^  a] ,  col,  prolate; 

(1  -  [cos“^  a  -  a(l  -  ,  a  <  1,  oblate.  (62) 

Finally,  the  function  /(q)  in  equation  (53)  is  given  by 

,,  ,  2a2  +  1  rS  ,  .  ,1 


,,  ,  2a-'  +  1  (3  ,  ,  ,1 

/(«)  =  [2^^“^  ■  1  ’ 


where  g  is  the  function  of  a  given  by  (62). 
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APPENDIX  C:  COMPARISON  WITH  AVAILABLE  DILUTE  RESULTS 


For  a  composite  comprised  of  an  incompressible,  pure  power-law  material  reinforced  by 
aligned,  rigid  spheroidal  inclusions,  we  have  seen  that  any  external  loading  state  may  be 
represented  in  terms  of  three  independent  loading  modes  (Section  4).  For  any  one  of  these 
loading  modes  (r  =  Td,Tp  or  r„),  the  effective  nonlinear  energy  function  may  be  expressed 
in  the  form  (see,  for  example,  (34)  for  the  axisymmetric  mode,  r  =  r^) 

(/ (^)  =  F(c<2^n,a)-^  )  ,  (64) 

n  +  1  \To/ 

where  the  fimction  F  reflects  the  reinforcing  effect  of  the  rigid  inclusions. 

For  dilute  concentrations  of  inclusions,  a  formal  expansion  in  the  concentration  leads 
to  the  relation 

F  «  1  —  a),  (65) 

where  ^  is  a  function  of  the  nonlinearity  n  and  inclusion  aspect  ratio  a.  Such  an  expansion  is 
valid  when  the  product  of  and  g  is  much  smaller  than  unity.  Since  it  can  be  shown  that 
the  function  g  becomes  unboimded  in  the  limits  as  a  aproadies  zero  or  infinity,  it  is  useful 
to  note  that  the  range  of  validity  (in  c^^^)  of  the  dilute  expansion  (65)  approaches  zero  as  a 
aproaches  zero  or  infinity.  This  is  in  agreement  with  our  previous  comment  that  the  limit 
as  — ♦  0  and  a  — »  0,  oo  is  singular  (see  Section  3.1.2).  One  must  also  be  careful  with  the 
limit  as  n  — »  00  in  the  above  expansion. 

Next  we  compare  our  analytical  estimates  for  F,  in  the  case  of  axisymmetric  loading, 
with  corresponding  dilute  numerical  results  of  He  (1990)  and  Lee  &  Mear  (1991a).  These 
numerical  results  are  based  on  the  computation  of  the  effective  energy  function  U  of  & 
composite  made  of  one  inclusion  embedded  in  an  infinite  power-law  matrix  material. 
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Figure  9  shows  a  comparison,  for  a  strongly  nonlinear  composite  (n  =  10),  between  our 
analytical  estimates  of  F  (they  appears  as  curved  lines)  and  the  dilute  numerical  estimates 
of  F,  based  on  expansion  (65),  using  the  results  of  Lee  &  Mear  (1991a)  for  the  function 
g  (they  appear  as  straight  lines).  We  observe  that  our  results  initially  (for  small  c^^^)  lie 
slightly  below  the  dilute  estimates;  however,  the  two  curves  intersect  at  a  certain  critical 
value  of  after  which  the  two  curves  quickly  diverge.  The  following  observations  are  in 
order. 

The  intersection  point,  which  serves  as  a  measure  of  the  range  of  validity  of  the  dilute 
approximation,  occurs  for  smaller  and  smaller  values  of  as  the  aspect  ratio  of  the  inclu¬ 
sion  increases,  or  decreases,  from  unity.  This  is  in  agreement  with  the  discussion  following 
equation  (65). 

Although  the  initial  slopes  of  the  dilute  and  nondilute  curves  are  different,  and  this 
diflference  becomes  larger  as  the  aspect  ratio  of  the  inclusions  increases,  or  decreases,  from 
unity,  we  observe  that  the  maximum  difference  between  the  actual  values  of  the  two  curves 
(before  they  intersect)  is  not  very  large.  Since  the  limit  as  — ♦  0  and  q  — ^  0,  oo  is 
singular,  it  makes  more  sense  to  compare  this  difference  in  the  actual  values  of  the  estimates 
for  the  function  F  (a  direct  measure  of  the  reinforcing  effect  of  the  inclusions),  and  not  the 
differences  in  the  slopes.  This  is  because,  although  the  difference  in  the  slopes  may  be  large, 
the  regions  over  which  the  dilute  approximation  holds  are  small.  This  leads  to  relatively 
small  differences  in  the  actual  values  of  the  functions.  In  Figure  10,  we  depict  plots  of 
this  maximum  relative  difference,  denoted  by  Arej,  as  functions  of  the  aspect  ratio  of  the 
inclusions  a,  for  the  dilute  results  of  both  He  (1990)  and  Lee  &  Mear  (1991a).  Thus  we 
find  that  for  values  of  a  between  0.1  and  10,  the  maximum  relative  difference  varies  roughly 
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between  10  and  20  percent.  For  values  of  o  outside  this  range,  this  type  of  comparison  is 
not  very  useful  because,  at  finite  inclusion  volume  fractions  the  inclusions  become  so 
long  (or  wide)  that  the  limits  of  continuous  reinforcement  are  approached  (fiber-reinforced 
and  laminated  composites).  Thus,  for  these  extreme  limits,  expressions  of  the  type  of  (22) 
and  (27),  for  fixed  density  (zero  volume  fraction)  of  thin  needles  and  disks,  respectively,  are 
more  appropriate. 

An  alternative  comparison  that  may  be  made  is  with  the  dilute  resiilts  of  Duva  &  Storm 
(1989)  for  composites  reinforced  by  rigid  fibers.  In  this  case,  the  axisynunetric  mode  is 
rigid,  and  these  authors  considered  the  transverse  shear  mode  fp  (plane  strain  deformation 
perperdicular  to  the  fibers).  Thus,  they  were  able  to  compute  the  function  g{n,  a)  appearing 
in  (65)  for  the  transverse  shear  mode  of  fiber-reinforced  composites.  The  corresponding 
relative  difference  Are/  between  their  numerical  results  and  our  analytical  results  (19)  for 
fibers  is  shown  in  Table  1,  as  a  function  of  the  nonlinearity  parameter  n.  We  find  that  the 
maximum  difference,  occuring  for  n  =  10,  is  less  than  five  percent,  which  corresponds  to 
excellent  agreement  between  the  two  sets  of  results. 

In  summary,  we  find  relatively  good  agreement  between  our  analytical  results  and  avail¬ 
able  numerical  results  for  dilute  concentrations  of  inclusions,  provided  that  we  stay  away 
from  singular  limits  (such  as  the  limit  of  long  fibers  for  the  axisymmetric  mode),  in  whidi 
case  the  differences  can  become  large  (although  not  very  relevant,  physically).  The  strength 
of  our  results,  however,  lies  in  their  generdity  and  relative  simpficity. 
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Table  1.  Maximum  relative  difference  between  our  analytical  results  and  the  dilute  numer¬ 
ical  results  of  Duva  &  Storm  (1989)  for  the  transverse  mode  in  fiber-reinforced  composites. 


n 

1 

2 

3 

4 

5 

6 

7 

8 

9 

10 

Are/ 

0 

.0053 

.0154 

.0198 

.0268 

.0315 

.0357 

.0377 

.0414 

.0458 
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Figure  1.  Composite  materials  reinforced  by  spheroidal  inclusions,  (a)  A  composite  with 
aligned  spheroidal  inclusions;  (b)  a  compc^ite  with  randomly  oriented  spheroidal  inclusions; 
(c)  a  description  of  prolate  and  oblate  spheroids. 

Figure  2.  The  effect  of  inclusion  shape  on  the  effective  linear  and  nonlinear  stress  normaliza¬ 
tion  factors  for  aligned-inclusion  composites  subjected  to  axisymmetric  loading.  Note  that, 
since  the  reinforcing  phase  is  rigid,  the  reciprocal  of  strength  l/(<ro)d  is  plotted  for  conve¬ 
nience.  (a)  Composites  with  a  linear  matrix  (n  =  1);  (b)  composites  with  a  nonlinear  matrix 
(n  =  10). 

Figure  3.  The  effect  of  inclusion  shape  on  the  effective  lineeu-  emd  nonlinear  stress  normal¬ 
ization  factors  for  aligned-inclusion  comp<»ites  subjected  to  transverse  shear  loeding.  (a) 
Composites  with  a  linear  matrix  (n  =  1);  (b)  composites  with  a  nonlineeu-  matrix  (n  =  10). 

Figure  4.  The  effect  of  inclusion  shape  on  the  effective  Unear  and  nonlinear  stress  normal¬ 
ization  factors  for  aligned-inclusion  compcKites  subjected  to  longitudinal  shear  loading,  (a) 
Composites  with  a  linear  matrix  (n  =  1);  (b)  composites  with  a  nonlinear  matrix  (n  =  10). 

Figure  5.  A  comparison  of  the  effective  flow  stresses  of  the  three  independent  loading  modes 
for  perfectly  plastic  composites  reinforced  by  aligned  spheroidal  inclusions:  (a)  effective 
flow  stresses  versus  aspect  ratio  (for  =  0.2);  (b)  effective  flow  stresses  versus  inclusion 
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concentration  (for  a  =  0.1, 1  and  10). 


Figure  6.  Plot  of  the  axisymmetric  strain  7^  versus  the  tnins verse  shear  stress  Tp  for  an 
aligned-inclusion  composite  with  three  different  axisymmetric  j)reloadings,  namely,  Td/ro 
=  0.1, 2.8  and  3.5. 

Figure  7.  Plot  of  the  axisymmetric  strain  74  versus  the  axisymmetric  stress  Td  an  aligned- 
inclusion  composite  with  three  different  transverse  shear  preloadings,  namely,  t),/to  =  0, 1.0 
and  1.5. 

Figure  8.  Plots  of  the  reciprocal  of  the  effective  stress  normalization  factors  for  composites 
reinforced  by  randomly  oriented  spheroidal  inclusions  versus  inclusion  concentration  (a) 
Composites  with  a  linear  matrix  (n  =  1);  (b)  composites  with  a  nonlinear  matrix  (n  =  10). 

Figure  9.  A  comparison  of  our  analytical  prediction  for  the  function  F  with  the  dilute 
calculations  of  Lee  &  Mear  (1991a).  The  later  results  appear  as  straight  lines;  the  former  as 
curved  lines. 

Figure  10.  Plots  of  the  largest  relative  difference  Arez  between  our  results  and  the  dilute 
results  of  He  (1990)  and  Lee  &  Mear  (1991a),  respectively,  versus  aspect  ratio  a. 
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Abstract-  We  study  the  effective  constitutive  response  of  composite  materials  made  of  rigid 
spheroidal  inclusions  dispersed  in  a  ductile  matrix  phase.  Given  a  general  convex  potential 
characterizing  the  plastic  (in  the  context  of  J2-deformation  theory)  behavior  of  the  ma¬ 
trix  material,  we  derive  expressions  for  the  corresponding  effective  potentials  of  the  rigidly 
reinforced  composites,  under  general  loading  conditions.  The  derivation  of  the  effective  po¬ 
tentials  for  the  nonlinear  composites  is  based  on  a  variational  procedure  developed  recently 
by  Ponte  Castaneda  (1991a).  We  consider  two  classes  of  composites.  In  the  first  class,  the 
spheroidal  inclusions  are  aligned,  resulting  in  overall  transversely  isotropic  symmetry  for  the 
composite.  In  the  second  class,  the  inclusions  are  randomly  oriented,  and  thus  the  composite 
is  macroscopically  isotropic.  The  effective  response  of  composites  with  aligned  inclusions  de¬ 
pends  on  both  the  orientation  of  the  loading  and  on  the  inclusion  concentration  and  shape. 
Comparing  the  strengthening  effects  of  rigid  oblate  and  prolate  spheroids,  we  find  that  pro- 
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late  spheroids  give  rise  to  stifFer  effective  response  under  axisymmetric  (relative  to  the  axis 
of  transverse  isotropy)  deformations,  while  oblate  spheroids  provide  greater  reinforcement 
for  materials  loaded  in  transverse  shear  (relative  to  the  axial  direction).  On  the  other  hand, 
nearly  spherical  (slightly  prolate)  spheroids  are  most  effective  in  strengthening  the  composite 
under  iongitudin^ll  shear  deformations.  Thus,  the  optimal  shape  for  strengthening  compos¬ 
ites  with  aligned  inclusions  depends  strongly  on  the  deformation  mode.  Alternatively,  the 
properties  of  composites  with  randomly  oriented  spheroidal  inclusions,  being  isotropic,  de¬ 
pend  only  on  the  concentration  and  shape  of  the  inclusions.  We  find  that  both  oblate  and 
prolate  inclusions  lead  to  significant  strengthening  for  this  class  of  composites. 

1.  INTRODUCTION 

In  this  work,  we  seek  to  estimate  the  effective,  or  overall,  constitutive  response  of  com¬ 
posite  materials  comprised  of  an  incompressible,  ductile  matrix  phase  reinforced  by  rigid, 
spheroidal  inclusions.  The  matrix  and  inclusions  are  assumed  to  be  perfectly  bonded,  and 
the  inclusions  are  further  assumed  to  be  small  compared  to  the  overall  dimension  of  the 
specimen  under  consideration.  Here,  we  are  interested  in  predicting  the  effects  of  the  vol¬ 
ume  fraction,  aspect  ratio  and  orientation  of  the  inclusions  on  the  effective  properties  of  the 
composite.  A  potential  application  of  this  study  would  be  in  the  optimal  design  of  materials 
in  which  a  nonlinear  ductile  phase  is  reinforced  by  relatively  stiff  inclusions.  These  materials 
include  some  metal- matrix  composites  and  intermeteillics  reinforced  by  stiff  particles. 

Composites  with  linear  constitutive  behavior  for  both  the  matrix  and  inclusion  pheises 
have  been  studied  extensively.  In  this  connection,  Eshelby’s  (1957)  celebrated  solution  for  the 
constant  stress  and  strain  fields  within  an  ellipsoidal  inclusion  in  an  infinite  matrix,  subjected 
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to  uniform  remote  tractions,  was  instrumental  in  many  developments,  including  the  determi¬ 
nation  of  the  effective  moduli  of  elastic  composites  with  dilute  concentrations  of  ellipsoidal 
inclusions.  This  fundamental  result  can  also  be  used  to  compute  the  effective  properties 
of  multi-phase  elastic  composites  with  nondilute  concentrations  of  the  phases.  Thus,  for 
this  purpose,  Budiansky  (1965)  and  Hill  (1965)  proposed  the  self-consistent  method  and  ob¬ 
tained  explicit  expressions  for  the  effective  moduli  of  composites  with  isotropic  distributions 
of  spherical  inclusions.  Wu  (1966)  extended  the  use  of  the  self-consistent  method  to  predict 
the  effective  behavior  of  isotropic  composites  with  randomly  oriented  ellipsoidal  inclusions. 
Another  remarkable  achievement  in  the  field  of  linear  composite  materials  was  the  develop¬ 
ments  of  new  variational  principles  by  Hashin  and  Shtrikman  (1962).  These  variational  prin¬ 
ciples  allowed  the  derivation,  by  Hashin  and  Shtrikman  (1963),  of  upper  and  lower  bounds 
for  the  effective  moduli  of  isotropic  composite  materieds  with  prescribed  volume  fractions  of 
the  phases,  but  otherwise  arbitrary  microstructure.  Extensions  of  this  class  of  bounds  for 
fiber-reinforced  composites  with  overall  transversely  isotropic  symmetry  were  first  given  by 
Hill  (1964)  and  Hashin  (1965).  Further  generalization  of  the  Hashin-Shtrikmein  bounds  and 
self-consistent  estimates  for  anisotropic  linear  elastic  composites  have  been  given  by  Walpole 
(1966a,b,  1969)  eind  Willis  (1977).  An  alternative  approach  in  the  study  of  composite  ma¬ 
terials  is  to  assume  periodic  microstructures  and  to  compute  the  effective  properties  of  the 
composite  from  a  boundary-value  problem  defined  on  the  unit  cell  with  periodic  boundary 
conditions.  This  approach  has  been  pursued  by  Nemat-Nasser  and  Taya  (1981)  and  Nemat- 
Nasser  et  al.  (1982).  For  a  more  complete  review  of  the  field  of  Unear  composites,  the 
reader  is  referred  to  the  articles  by  Haishin  (1983)  and  Willis  (1982)  and  to  the  monograph 
by  Sanchez-Palencia  (1980). 
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Nonlinear  composite  materials  have  recently  been  the  subject  of  increased  attention.  Tal¬ 
bot  and  Willis  (1987)  and  Ponte  Castaneda  and  Willis  (1988)  (see  also  Willis  1991)  developed 
bounds  and  self-consistent  estimates  for  the  effective  behavior  of  nonlinear  composites  via  an 
extension  of  the  Hashin-Shtrikman  variational  principles  to  nonlinear  materials,  proposed  by 
Talbot  and  Willis  (1985).  More  recently,  Ponte  Castaneda  (1991a)  proposed  a  new,  concep¬ 
tually  simple,  variational  procedure  which  leads  to  more  general  bounds  and  estimates  for 
the  properties  of  nonlinear  composites.  The  procedure  makes  use  of  arbitrary  bounds  and 
estimates  for  classes  of  linear  comparison  composites  to  generate  bounds  and  estimates  for 
the  corresponding  classes  of  nonlinear  composites.  This  variational  procedure  has  been  used 
by  Ponte  Castaneda  (1991a, b,  1992)  and  deBotton  and  Ponte  Castaneda  (1992)  to  obtain  es¬ 
timates  for  the  properties  of  isotropic  particulate  composites  and  anisotropic  laminated  and 
fiber-reinforced  composites.  Other  contributions  in  the  field  of  nonlinear  composites  include 
the  work  of  Qiu  and  Weng  (1991)  dealing  with  the  shape  effect  on  the  overall  properties  of 
two-phase  elastic-pleistic  composite  materials.  They  make  use  of  an  appropriate  adaptation 
of  the  method  of  Mori  and  Tanaka  (1973).  In  addition,  a  number  of  works  have  appeared 
recently  (see,  for  example,  Christman  et  al.  1989  and  Bao  et  al.  1991)  dealing  with  the 
effective  properties  of  periodic  composites;  these  being  computed  via  finite-element  analyses 
of  the  pertinent  unit-cell,  boundary- value  problems.  An  alternative  approach  advocated  by 
Duva  (1984)  (see  also  Duva  and  Hutchinson  1984),  and  used  more  recently  by  He  (1990)  and 
Lee  &;  Mear  (1991a, b),  is  to  make  use  of  the  solution  of  a  kernel  problem,  involving  an  inclu¬ 
sion  in  an  infinite  matrix  of  the  nonlinear  matrix  material,  to  generate  dilute  estimates  for 
the  nonlinear  composites.  Generalizations  to  nondilute  concentrations  may  be  accomplished 
by  the  use  of  the  differential  self-consistent  model  (McLaughlin,  1977). 
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This  paper  deals  with  the  effective  constitutive  behavior  of  nonlinear,  incompressible 
composites  that  are  reinforced  by  either  aligned,  or  randomly  oriented,  rigid  spheroidal  in¬ 
clusions.  We  concentrate  on  the  effect  of  the  inclusion  shape  on  the  effective  behavior  of 
the  nonlinear  composites.  The  method  of  analysis  is  based  on  Ponte  Castaneda’s  (1991a) 
variational  principle.  For  the  case  of  aligned  spheroidal  inclusions  with  overall  transversely 
isotropic  symmetry,  the  method  pves  explicit  expressions  for  the  effective  constitutive  behav¬ 
ior  of  the  nonlinear  composites  under  ^enem/ loading  conditions  (i.e.,  arbitrary  combinations 
of  axisymmetric  tension,  transverse  shear  and  longitudinal  shear).  For  the  case  of  randomly 
oriented  inclusions  with  overall  isotropic  symmetry,  the  method  also  gives  explicit  expres¬ 
sions  for  the  effective  behavior  of  the  composites,  but  in  this  case,  the  composites  being 
incompressible  and  isotropic,  there  is  essentially  only  one  loading  mode. 


2.  VARIATIONAL  CHARACTERIZATION  OF  EFFECTIVE  PROPERTIES 


Consider  a  general  specimen  of  a  nonlinear  heterogeneous  material  occupying  a  domain 
Q  (of  unit  volume)  with  boundary  dQ.  The  material  is  characterized  by  a  stress  potential 
C/(x,  <t),  depending  on  position  x  and  the  stress  field  <r(x),  and  is  such  that  the  strain  field 


e(x)  is  given  by 


e(x) 


dU  (x,  a) 

d<r 


(1) 


Then,  the  effective  constitutive  relation  for  the  heterogeneous  materid  may  be  defined, 


following  Hill  (1963),  in  terms  of 

^_dU  {a) 

da 


(2) 


where  e  and  a  are  the  mean  values  of  the  strain  and  stress  fields  over  Cl,  jmd  where  U  (a) 


denotes  the  effective  stress  potential  of  the  composite,  depending  on  the  uniform  stress 
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boundary  condition 


t(x)  =  «r  •  n,  X  e  dfi. 


(3) 


In  this  last  relation,  t  is  the  traction  vector  and  n  is  the  outward  normal  to  dQ. 

The  effective  potential  function  U  (^)  may  be  obtained  directly  from  the  principle  of 
minimum  complementary  energy  as 

U{a)=  min_  f  U{jc,(T)dv,  (4) 

<res(<T)  Jn 

where 

S{W)  =  {<r| V  •  (T  —  0  in  Q,  and  t(x)  =  or .  n,  x  G  dQ}  (5) 

represents  the  set  of  statically  admissible  stress  fields  satisfying  the  condition  (3) 

While  the  effective  behavior  of  the  composite  is  fully  described  by  U  in  terms  of  relation 
(2),  the  determination  of  U  from  (4)  and  (5)  presents  real  difficulties  in  that  it  requires  the 
solution  of  a  nonlinear  boundary  value  problem  with  complex  structure.  Ponte  Castaneda 
(1991a, b)  introduced  a  variational  principle  that  can  be  used  to  estimate  the  effective  po¬ 
tential  fimctions  of  nonlinear  composites  in  terms  of  optimization  problems  involving  the 
effective  potential  functions  of  appropriate  classes  of  linear  comparison  composites.  Thus, 
results  for  the  effective  properties  of  linear  composites  may  be  used  to  generate  correspond¬ 
ing  estimates  for  the  effective  properties  of  nonlinear  composites.  In  this  paper,  we  make  use 
of  the  Hashin-Shtrikman  bounds  of  Walpole  (1969)  and  Willis  (1977)  for  linear  composites 
with  spheroidal  inclusions  to  estimate  the  effective  constitutive  behavior  of  ductile-matrix 
materials  reinforced  by  rigid,  spheroidal  inclusions.  Ponte  Castaneda’s  variational  principle 
is  briefly  reviewed  in  the  following. 

We  consider  only  composites  with  incompressible,  isotropic  matrices.  Thus,  the  potential 
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function  for  the  nonlinear  matrix  may  be  written  in  the  form 


where 


t/(x,0-)  =  (^(x,Te), 


T.  -  \  -tT'  •  a' 


tret 

is  the  effective  shear  stress  and  (t - is  the  deviatoric  stress  tensor. 

Then,  imder  certain  technical  hypotheses  (Ponte  Castaneda,  1992),  satisfied  in  this  paper, 
we  may  express  the  matrix  potential  function  in  terms  of  the  following  optimization  problem, 
namely, 

t/(x,<r)  =  m^{[/o(x,o-)  -  V^(x,/io)},  (8) 

/io>0 

where  Uq  is  the  potential  function  of  an  incompressible,  linear-elastic  comparison  material 

with  shear  modulus  /io(x),  such  that  £/o(x,<t)  =  —  and  where 

2fio{x) 

K(x,/io)  =  max{f/o(x,<T)  -  [/(x,<t)}  .  (9) 


Then,  the  effective  potential  function  of  a  given  nonlinear  composite  is  obtained  by 
averaging  relation  (8);  the  result  is  (Ponte  Castaneda,  1992) 

where  Uo  (o^)  =  min  /  C/o(x,  a')dv  is  the  effective  potential  of  the  lineeu*  comparison  com- 
trss((T)  Jn 

posite. 


Even  though  (10)  is  an  exact  expression  for  the  effective  potential  function  of  a  given 
nonlinear  composite,  it  involves  an  infinite-dimensional  optimization  problem  over  the  set 
of  non-negative  functions  /io(x).  Thus,  in  general,  the  variational  principle  (10)  is  at  least 
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as  difficult  to  implement  as  the  classical  variational  principle  (4),  except  for  some  very 
special  microstructures  (e.g.,  laminated  composites;  see  deBotton  &  Ponte  Castaneda  1992). 
However,  it  may  be  shown  that  (10)  can  be  utihzed  in  an  approximate  fashion  to  generate 
bounds  for  the  effective  properties  of  classes  of  nonlinear  composites  with  more  general 
microstructures.  This  is  discussed  next. 

We  begin  by  specializing  the  general  class  of  composites  considered  above  to  the  class  of 
two-phase  composites.  Each  phase  is  assumed  to  be  incompressible,  isotropic  and  homoge¬ 
neous,  characterized  by  a  convex  potential  function  (r  =  1  or  2,  for  phase 

1  or  2).  Further,  the  voliune  fractions  of  each  phase,  denoted  by  -f  (P'^  =  1  for 

a  two-phase  composite),  are  also  assumed  to  be  known.  Even  then,  the  effective  potential 
function  given  by  (10)  requires  the  solution  of  an  infinite  dimensional  optimization  problem 
over  the  set  of  functions  /io(x).  However,  by  restricting  our  attention  to  the  class  of  piecewise 
constant  /io(x)  (constant  in  each  phase  of  the  nonlinear  material),  we  arrive  at  the  following 
lower  bound  approximation  for  the  effective  potential  function  of  the  nonlinear  composite, 
namely, 

U  (^)  >  \uo  {a)  -  Sc<’'V(’'H/io'^)| ,  (11) 

where  (jlq  ^  and  ^  ^  are  the  values  of  ^o(x)  in  phases  1  and  2,  respectively.  Also,  Uo  (^)  is 
now  the  effective  potential  function  of  a  linesir  comparison  composite  with  precisely  the  same 
microstructure  as  the  nonlinear  composite,  and 


Vf'-Hti'')  =  max 


We  note  that  the  inequality  in  (11)  arises  because  the  maximum  is  now  evaluated  over  a 
strictly  smaller  set  of  functions  (i.e.,  the  set  of  piecewise  constant  functions). 
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The  above  inequality  is  useful  because  the  optimization  problem  involved  is  two-dimensional, 
and  therefore  simpler  to  evaluate,  assuming  that  we  have  estimates  for  the  effective  potential 
of  two-phase,  linear  composites.  In  fact,  if  we  have  a  lower  boimd  for  the  effective  potential 
of  the  linear  composites  Uq  (^),  then  (11)  generates  a  lower  bound  for  the  effective  potential 
of  the  nonlinear  composite.  If,  on  the  other  hand,  we  have  an  upper  bound  for  Uo  (^),  (11) 
generates  only  an  estimate  for  the  upper  bound,  which  is  generally  lower  than  the  true  upper 
boimd. 

3.  NONLINEAR  ESTIMATES  FOR  COMPOSITES  WITH  RIGID  INCLUSIONS 

In  this  paper,  we  study  composites  made  up  of  an  incompressible,  isotropic  matrix  mate¬ 
rial  reinforced  by  either  aligned,  or  randomly  oriented,  rigid  spheroidal  inclusions,  as  depicted 
in  Figure  1.  The  shape  of  a  typical  inclusion  is  characterized  by  its  aspect  ratio  a  =  h/a. 
Thus,  oblate  spheroids  have  a  <  1,  prolate  spheroids  have  a  >  1  and  spheres  have  a  =  1. 
The  stress  potential  for  the  rigid  inclusions  (phase  2)  vanishes  identically  (i.e.,  =  0). 

Then,  to  be  able  to  make  use  of  (11),  we  need  to  obtain  estimates  for  the  effective  poten- 
tials  Uo  of  lineeir  composites  with  rigid,  spheroidal  inclusions.  Such  results  may  be  obtained 
directly  from  the  work  of  Walpole  (1966a,b,  1969)  and  Willis  (1977)  (see  also  Willis  1982, 
and  Qiu  and  Weng  1990).  Although  these  authors  are  concerned  with  both  general  bounds 
of  the  Hashin-Shtrikman  type  and  self-consistent  estimates,  here  we  will  make  use  only  of 
the  appropriate  (non-trivial)  lower  bounds  for  the  effective  shear  modulus.  It  is  known  (see, 
for  example,  Milton  and  Kohn  1988)  that  these  lower  bounds  correspond  to  the  least  stiff 
isotropic  composites  which  may  be  made  with  fixed  volume  freictions  of  the  phases.  Further, 
these  extremal  composites  have  particulate  microstructures,  where  the  inclusions  are  made 
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of  the  rigid  phase.  Thus,  we  may  interpret  the  result  of  implementing  these  non-trivial 
Hashin-Shtrikman  bounds  into  (11)  as  (upper)  estimates  for  the  effective  potential  functions 
of  the  corresponding  nonlinear  composites.  We  begin  by  considering  the  case  of  composites 
with  aligned  inclusions,  and  consider  the  case  of  randomly  oriented  inclusions  later. 


3.1  Aligned  spheroidal  inclusions 

In  this  section,  we  consider  composite  materials  with  nonlinear,  incompressible  matrices 
and  aligned  rigid  spheroidal  inclusions.  We  note  that  this  case  was  also  briefly  considered 
by  Talbot  and  Willis  (1992),  although  explicit  results  of  the  type  obtained  here  were  only 
determined  for  the  special  case  of  aligned  rigid  disks.  While  each  phase  of  the  compos¬ 
ite  is  isotropic,  the  geometry  of  the  inclusions  is  such  that  the  composite  exhibits  overall 
transversely  isotropic  symmetry.  The  direction  of  inclusion  alignment  provides  the  axis  of 
transverse  isotropy  (see  Figure  1(a),  where  xi  defines  the  axis  of  symmetry). 

In  this  case,  an  upper  bound  for  the  effective  stress  potential  of  the  linear  comparison 
material  Uo  may  be  obtained  from  the  previously  mentioned  works  (see  Appendix  A).  The 


result  may  be  written 


where 


(13) 

(14) 


Here  is  the  shear  modulus  of  the  incompressible,  isotropic  matrix  material,  -;c~,  -:c—  and 

-;c—  are  given  by  relations  (53)  in  Appendix  A,  and  r^,  Tp  and  t„  (note  that  r*  =  (tj  +  +  r^)*/^) 

f^n 

are  the  three  transversely  isotropic  invariants  of  the  applied  stress  tensor  W,  corresponding 


to  the  three  independent  deformation  modes  for  an  incompressible,  transversely  isotropic 
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material:  axisymmetric  deformation,  transverse  shear  and  longitudinal  shear,  respectively 
(see  Appendix  B). 

Using  the  upper  bound  (13)  for  the  effective  potential  of  the  linear  comparison  material 
Uo,  we  can  compute,  via  relation  (11),  an  upper  estimate  for  the  effective  stress  potential  of 

rsj  _ 

the  nonlinear  composite  U-  The  result  is 


C?  (y)  -  (r<«)'  -  c<»  max  -  ,#<‘>(Tjj  | ,  (15) 


which  can  be  shown  (by  interchanging  the  maxima  operations)  to  reduce  to 


(16) 


This  relation  expresses  the  effective  potential  function  of  the  nonlineeir  composite  in  terms 
of  the  stress  potential  of  the  nonlinear  matrix  material  0^*^  the  matrix  volume  fraction 
and  an  estimate  for  the  average  stress  in  the  matrix  (which  in  turn  depends  on 

the  appropriate  invariants  of  a,  on  the  matrix  volume  fraction  and  the  aspect  ratio  of  tho 
inclusions  a).  We  emphasize  that  the  above  result  is  meant  to  be  interpreted  as  an  estimate 
(not  an  exact  result)  for  the  (weakest)  effective  behavior  of  the  class  of  composites  under 
consideration. 

Corresponding  to  the  three  invariants  of  the  stress  tensor  W,  we  can  identify  three  in¬ 
variants  of  the  strain  tensor  e:  the  deviatoric  shear  strain  7^,  the  transverse  sheau"  strain  jj, 
and  the  longitudinal  shear  strain  7„  (such  that  eg  =  1/\/3(7j  +  7p  -I-  7^)^^^;  see  Appendix 
B).  Then,  the  effective  stress-strain  relations  for  the  nonlinear  composite  may  be  expressed 
in  the  form 


-  -  (1)  I± 

/id  ’ 
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(17) 


"  “  /ip  ’ 

)1„  T<i)  ■ 

It  is  seen  from  these  stress-strain  relations  that,  for  the  nonlinear  composite,  all  three  de¬ 
formation  modes  are  coupled  with  each  other  (for  example,  7^  depends  on  Td,Tp  and  t„ 
through  This  is  in  contrast  with  the  corresponding  linear  composite  (see  (54) 

of  Appendix  A). 

So  far  we  have  derived  effective  constitutive  relations  for  a  nonlinear  matrix  material 
reinforced  by  aligned  rigid  spheroidal  inclusions  in  prescribed  volume  fraction  and  given  as¬ 
pect  ratio  of  the  inclusions.  Also,  unlike  the  results  of  other  investigations  dealing  exclusively 
with  axisymmetric  loading  conditions  (see  Bao  et  al.  1991,  and  Lee  and  Mear  1991a,b),  these 
results  apply  for  arbitrary  loading  conditions.  In  the  next  subsections,  we  specialize  these 
general  results  to  some  special  cases  of  theoretical  and  practical  importance.  For  example, 
the  limit  a  — »  00,  with  finite  inclusion  concentration,  results  in  a  composite  with  infinitely 
long  fibers  (continuous  reinforcement).  On  the  other  hand,  the  opposite  limit  as  a  — »  0, 
with  finite  inclusion  concentration,  corresponds  to  a  laminated  composite  material  (another 
case  of  continuous  reinforcement).  The  res^llt  for  a  =  1  corresponds  to  spherical  inclusions 
(particulate  reinforcements).  The  last  two  cases  have  been  studied  in  some  detail  by  Ponte 
Castaneda  (1991a,b)  and  deBotton  and  Ponte  Casteineda  (1992). 
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3.1.1  Fiber-reinforced  composites 

In  the  limit  as  a  — ►  od,  for  a  fixed,  finite  concentration  of  inclusions,  an  asymptotic 
expansion  for  can  be  obtained  explicitly  from  (14)  and  (53).  The  leading  order  term  is 


Correspondingly,  the  effective  potential  of  the  nonlinear  composite  reduces  to 

U  (7r)  =  ^  -  Y^)  in  +  ■  (19) 

This  equation  shows  that  the  response  of  the  nonlinear  composite  to  transverse  and  lon¬ 
gitudinal  shear  is  the  same.  On  the  other  hand,  the  composite  is  effectively  rigid  under 
axisymmetric  loading.  This  is  physically  reasonable  since  for  a  finite  volume  fraction  of  the 
inclusions,  the  inclusions  must  become  infinitely  long  as  a  — »  oo.  Thus,  the  fiber-reinforced 
composite  has  just  two  effective  deformation  modes  (instead  of  three).  We  note  that  as  the 
inclusion  concentration  c^^^  0  in  (19),  the  potential  function  is  still  dependent  only  on  the 

shear  loading  modes. 

3.1.2  Needle-reinforced  composites 

For  the  fiber-reinforced  composite  discussed  above,  the  continuity  of  the  rigid  fibers 
severely  restricted  the  modes  of  deformation  possible.  We  consider  next  rigid  spheroidal 
inclusions  with  arbitrarily  large  aspect  ratios  but  with  finite  length.  These  aligned  thin 
needles,  each  of  length  2b  and  radius  a  =  eb  (with  e  =  1/a),  are  depicted  in  Figure  1.  If  the 
number  density  per  unit  volume  of  these  identical  needles  is  nj,  then  (see  Willis  1982)  their 
volume  fraction  may  be  expressed  in  the  form 

c^^^  =  ^nn^b^s^.  (20) 

<5 
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We  note  that,  for  a  composite  with  fixed  number  density  n2,  the  concentration  »  0  as 
a  — >  00  (e  0).  The  “axial  concentration”  of  these  needles  is  represented  by  7126®. 

Taking  a  fixed  axial  concentration  7126®,  an  asymptotic  expression  for  the  effective  shear 
stress  in  the  matrix  is  given  by 


r<*)  = 


\  91ne  J +  V  + 


(21) 


The  corresponding  effective  stress  potential  for  this  nonlinear  composite  material  is  then 
given  by  stress  (21)  by 


U  (W)  = 


(J( 


+  91ne  +  + 


(22) 


This  effective  stress  potential  is  dependent  on  all  three  deformation  modes — which  is  con¬ 
sistent  with  discontinuous  reinforcement.  Note  that  in  the  limit  as  a  — ^  00  (s  0), 
U  (or)  -*■  (f>^^\Te),  corresponding  to  the  behavior  of  the  matrix  material.  This  is  in  sharp 
contrast  with  the  continuous  fiber-reinforced  composite,  discussed  in  the  previous  subsection, 
which  remeuns  rigid  with  respect  to  axisymmetric  loading  even  as  the  concentration  — ♦  0. 
This  is  a  consequence  of  the  fact  that  the  limit  a  -+  00  is  singular  (the  limit  depends  on 
whether  is  tedcen  to  be  finite  or  zero). 


3.1.3  Laminated  composites 

In  the  limit  as  a  — ►  0,  with  a  fixed,  finite  inclusion  concentration,  we  have,  asymptotically, 
that 

(23) 


which  results  in  an  effective  stress  potential 


This  behavior  is  consistent  with  the  behavior  of  a  two-phase  laminated  composite  with 
one  rigid  phase  since  the  only  mode  of  deformation  possible  in  this  case  is  shear  along  the 
plane  of  the  layers.  Thus,  for  fixed  inclusion  concentration,  the  above  result  is  in  agreement 
with  the  exact  solution  for  multiple-phase  laminated  composites,  derived  by  de  Botton  &; 
Ponte  Castaneda(1992). 

3.1.4  Disk-strengthened  composites 

Next,  we  consider  spheroidal  inclusions  which  have  radius  a  and  height  2aa.  As  a  — ^  0 
the  inclusions  become  flat  disks.  If  the  number  density  per  unit  volume  is  n2,  then  the 
volume  fraction  of  the  disks  is 

—  ^7rn2a^Q:,  (25) 

O 

where  n2a^  represents  the  “transverse  concentration”  of  disks. 

The  effective  shear  stress  for  thin  disks  is  obtained  by  substituting  (25)  into  (14)  and 
taking  the  limit  (see  Willis  1982)  as  o:  ^  0,  with  n2  fixed  (note  that  —*■  0).  Then,  the 
leading  order  term  in  an  asymptotic  expansion  as  a  0  is  given  by 


The  corresponding  effective  potential  for  the  composite  with  thin  disks  is  obtained  by  sub¬ 
stituting  (26)  into  (16),  which  leads  to 


We  emphasize  that  in  this  case,  unlike  the  case  of  the  needle-reinforced  composite,  the  effect 
of  the  ‘flat’  rigid  disks  on  the  overall  response  of  the  nonlinear  composite  is  nontrivial.  We 
note  that  an  expression  analogous  to  the  above  relation  (in  terms  of  the  strain  potential 
instead  of  the  stress  potential)  has  been  developed  by  Talbot  and  Willis  (1992). 
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3.2  Randomly  oriented  inclusions 

The  composite  materials  considered  in  this  section  are  made  up  of  a  nonlinear,  incom¬ 
pressible  matrix  reinforced  by  rigid,  randomly  oriented,  spheroidal  inclusions,  as  shown  in 
Figure  1(b).  Thus,  the  composite  is  macroscopically  isotropic  and  incompressible.  Therefore, 
the  effective  stress  potential  U  depends  only  on  the  mean  effective  shear  stress  Te  (depen¬ 
dence  on  the  third  invariant  is  neglected:  see  Duva  1984).  To  obtain  an  upper  estimate  for 
U,  we  observe  that  —  0,  and  we  make  use  of  the  variational  statement  (11)  with  Uo 
given  by  relations  (58)  in  Appendix  A.  The  result  is 


which  reduces  to 


(28) 


(29) 


where  — Trr  is  given  by  (56)  in  Appendix  A.  This  equation  expresses  the  effective  stress  po- 
tential  of  the  nonhnear  composite  in  terms  of  the  stress  potential  of  the  matrix  material 
and  an  estimate  for  the  average  stress  in  the  matrix  (which  in  turn  depends  on  the  inclusion 
geometry  and  concentration).  Explicit  expressions  for  the  special  cases  of  needle-reinforced 
and  disk-reinforced  composites  may  be  obtained  in  a  similar  way  as  for  the  corresponding 
special  cases  for  the  composites  with  aligned  inclusions.  However,  in  the  interest  of  brevity, 
these  will  not  be  given  here. 


4.  APPLICATION  TO  COMPOSITES  WITH  POWER-LAW  MATRIX  MATERIALS 

So  far  we  have  derived  expressions  for  the  effective  properties  of  composites  comprised 
of  a  general  nonlinear  matrix  material  reinforced  by  rigid  spheroidal  inclusions,  which  are 
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either  aligned  or  randomly  oriented.  In  this  section,  we  specialize  the  previous  results  to 
composites  with  pure  power-law  behavior  for  the  matrix.  This  class  of  composites  has  also 
been  considered  recently  by  He  (1990)  and  Lee  &  Mear  (1991),  who  generalized  the  calcu¬ 
lations  of  Duva  (1984)  for  spherical  rigid  particles  to  spheroidal  inclusions.  As  mentioned 
earlier,  their  method  considers  an  isolated  rigid  spheroidal  inclusion  embedded  in  an  infinite 
power-law  matrix  material,  which  is  subjected  to  axisymmetric  remote  loading  with  respect 
to  the  spheroidal  inclusion.  In  contrast,  our  results  account  approximately  for  inclusion 
interaction  (without  the  need  of  the  differential  self-consistent  scheme)  and  general  remote 
loading  conditions.  Duva  &  Storm  (1989)  have  also  obtained  dilute  concentration  results 
for  the  plane  strain  deformation  of  fiber  composites  reinforced  by  rigid  fibers.  A  brief  com¬ 
parison  of  the  results  of  this  paper  with  the  numerical  results  of  the  these  other  authors  is 
given  in  Appendix  C.  Numerical  results  for  the  axisymmetric  response  of  power-law  materi¬ 
als  reinforced  by  aligned  spheroidal  inclusions,  with  periodic  microstructures,  have  also  been 
given  by  Bao  et  al.  (1991).  Comparison  with  these  results  wifi  be  given,  as  far  as  possible, 
in  the  following  discussion. 

4.1  Composites  with  aligned  inclusions 

The  power-law  matrix  material  is  described  by  the  stress  potential 

(li)"'"  ,  (30) 

n  +  1  Xtq/ 

where  tq  is  an  appropriate  stress  normalization  factor,  which  has  the  interpretation  of  the 
yield  stress  in  shear  in  the  limit  as  n  — »  oo,  and  where  (Tq  =  •\/3ro. 

The  effective  stress  potential  for  the  nonlineeir  composite  is  obtained  by  substituting  (30) 
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into  (16).  The  results  is 


n+l 


(31) 


(32) 


where  is  given  by  (14).  The  corresponding  stress-strain  relations  are 

%  =  (cW)*-"*'’  C  (^)"''  . 

^  ^  fid  /  '^0 

^  ^  fip  \'^0  J  To 

7„  =  V3  ^  ^  . 

^  ^  /i„  V  ^0 ;  To 

These  general  results  will  be  studied  through  several  specific  examples  in  the  following  sub¬ 
sections. 

4.1.1  Effective  behavior  under  single-mode  loading 

We  study  each  of  the  three  independent  deformation  modes  of  the  incompressible,  trai*s- 
versely  isotropic  composite  first.  If  only  axisymmetric  loading  is  applied  to  the  composite, 
then  equation  (14)  reduces  to 

(33) 

_  ^ 

Thus,  the  effective  potential  of  the  nonlineeu"  composite  U  may  be  written  in  the  form 

~  (^o)d  (  fd 

where  (fo)rf  and  (ao)<i  are  the  stress  normalization  factors  in  shear  and  tension,  respectively, 
for  axisymmetric  loading,  and  are  given  by 

TO  ao  f 

lid  / 


{To)d  (O’o)d 


(35) 
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Here  is  given  by  (53).  We  note  that  as  n  — ^  oo,  (ao)<j  corresponds  to  the  tensile  flow 
stress  of  the  composite  under  axisymmetric  loading. 

Similar  results  may  be  derived  for  transverse  and  longitudinal  shear  loading  with  (fo)p 
and  (^o)n  as  the  eff^ective  stress  normalization  factors  in  transverse  and  longitudinal  shear, 
respectively.  These  may  be  expressed  by  the  relations 


To  _  /  (j)\(l-n)/2n  / ^ 

^  Up 


(n+l)/2n 


In  Figures  2  to  4,  we  show  plots  of  the  inverse  of  these  three  effective  stress  normalization 


factors  for  a  linear  (n  =  1)  and  nonlinear  (n  =  10)  matrix  material,  respectively,  as  functions 
of  the  inclusion  concentration.  The  composites  presented  in  these  figures  have  inclusions  with 
shapes  that  vary  from  oblate  (a  <  1)  to  prolate  (a  >  1)  spheroids.  We  discuss  next  the 
eff^ect  of  five  different  inclusion  shapes  (a  =  0.01,  0.1,  1,  10,  50)  on  the  effective  properties 
for  the  three  different  deformation  modes. 


Figures  2(a)  emd  2(b)  show  the  effective  behavior  of  composites  with  aligned  rigid  spheroidal 
inclusions  under  axisymmetric  loading.  It  can  be  seen  that  both  prolate  and  oblate  spheroids 
give  rise  to  stronger  axisymmetric  responses  than  spheres.  We  also  observe  that  the  response 
of  prolate  spheroids  is  relatively  stiffer  than  that  of  oblate  spheroids  (e.g.,  needles  with  a  =  50 
are  stiffer  than  plates  with  a  =  0.01).  Comparing  Figures  2(a)  and  2(b),  it  is  evident  that 
the  effect  of  increasing  material  nonlinearity  is  to  relax  the  strengthening  influence  of  all 
particle  shapes.  For  example,  a  linear  composite  (n  =  1)  containing  a  10%  volume  fraction 
of  prolate  inclusions  (with  an  aspect  ratio  a  =  10)  is  approximately  3.5  times  as  strong  as 
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the  matrix  material.  Similarly,  if  the  inclusions  have  an  aspect  ratio  a  =  50,  the  compos¬ 
ite  is  approximately  50  times  as  strong  as  the  matrix  material.  On  the  other  hand,  for  a 
nonlinear  composite  (n  =  10),  these  two  inclusion  shapes  make  the  material  approximately 
2  and  6.6  times  as  strong  as  the  matrix  material,  respectively.  In  the  limit  as  a  — »  oo,  the 
composite  shows  a  rigid  response  {(ffo)d  —*■  oo)  to  axisymmetric  loading.  This  is  consistent 
with  the  behavior  of  composites  reinforced  by  rigid  fibers  as  discussed  in  Subsection  3.1.1. 
In  the  opposite  limit  as  o  — ^  0,  i<^o)d  oo,  which  means  that  the  composite  also  becomes 
rigid  with  respect  to  axisymmetric  loading  in  this  limit.  This  is  consistent  with  the  behavior 
of  incompressible  laminated  materials  reinforced  by  rigid  layers  as  discussed  in  Subsection 
3.1.3. 

Figures  3(a)  and  3(b)  present  the  effective  behavior  of  linear  (n  =  1)  and  nonlinear 
(n  =  10)  composites  imder  transverse  shear.  It  is  found  that  the  oblate  spheroids  (a  =  0.01) 
provide  far  greater  strengthening  than  the  prolate  spheroids  (a  =  50).  This  is  because  oblate 
spheroids  have  larger  dimensions  in  the  X2  —  X3  plane  (see  Figure  1),  and  therefore  resist 
this  deformation  mode  more  effectively.  A  nonlinear  composite  (n  =  10)  reinforced  by  10% 
volume  fraction  of  prolate  inclusions  (with  a  =  50)  is  only  1.07  times  as  stiff  as  its  matrix 
material,  while,  if  it  is  reinforced  by  oblate  inclusions  (with  a  =  0.01),  it  is  3.6  times  as 
stiff  as  the  matrix  material.  Also  note  that,  a  composite  containing  prolate  inclusions  with 
an  aspect  ratio  a  =  10  has  almost  the  same  strength  as  a  composite  reinforced  by  prolate 
inclusions  of  aspect  ratio  a  =  50.  As  a  — >  00,  {to)p  reaches  a  limit  which  almost  coincides 
with  its  value  at  a  =  50.  This  limit  inclusion  shape  provides  a  finite  strengthening  of  the 
composite  material,  which  is  consistent  with  the  behavior  of  rigid  fiber-reinforced  materials. 
In  fact,  prolate  spheroids  provide  less  stiffening  than  do  spheres  under  transverse  shearing. 
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In  the  opposite  limit,  as  the  inclusions  become  plate-like  (a  — »  0),  we  obtain  (to)p  — ♦  oo.  The 
composite  is  thus  rigid  with  respect  to  the  transverse  shear  loading  mode,  which  corresponds 
to  the  behavior  of  laminated  materials  reinforced  by  rigid  layers.  Finally,  we  note  that  imder 
applied  transverse  shear  loading,  the  fiber  material  cem  be  treated  as  a  plane  strain  problem. 
Duva  &  Storm  (1989)  have  studied  this  plane  strain  problem  numerically  for  the  case  of  one 
rigid  fiber  in  em  infinite  matrix.  Comparing  their  dilute  results  with  our  results  (as  q  — +  oo), 
we  find  that  there  is  little  difference  between  the  two  sets  of  results.  For  example,  if  we 
compare  the  effective  stress  potential  calculated  by  Duva  &  Storm  with  that  of  our  explicit 
estimation,  the  difference  is  less  than  5%  for  a  nonlinear  matrix  (with  n  =  10),  as  discussed 
in  some  detail  in  Appendix  C. 

Figures  4(a)  and  4(b)  show  the  effect  of  rigid  inclusions  on  the  effective  strength  under 
longitudinal  shear  (r„)  for  a  linear  (n  =  1)  and  a  highly  nonlinear  matrix  (n  =  10).  For 
this  type  of  loading,  we  find  that  spherical  inclusions  provide  the  largest  strengthening  (of 
these  five  inclusion  shapes)  while  oblate  spheroids  provide  the  leeist.  It  is  interesting  to  note, 
that  in  the  Umit  as  a  oo,  the  composite  has  the  same  strength  under  transverse  shear 
loading  (discussed  in  the  previous  paragraph)  as  under  longitudinal  shear  ((to)„  and  (ro)p 
reach  the  same  limit).  Since,  for  oblate  inclusions,  the  longitudinal  shear  mode  corresponds 
to  a  shearing  deformation  in  a  plane  normal  to  their  axis  of  symmetry,  the  strengthening 
effect  of  these  rigid  oblate  spheroidal  inclusions  is  significantly  less  for  this  deformation 
mode  than  for  the  other  two  deformation  modes  discussed  above.  In  the  hmit  of  a  — +  0,  the 
oblate  inclusions  become  fiat  layers  and  the  shearing  deformation  is  concentrated  along  the 
matrix  material  between  these  rigid  flat  layers.  This  corresponds  precisely  to  the  response 
of  laminated  materials  (with  one  phase  rigid)  which  have  only  the  longitudinal  shear  mode 
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available,  as  discussed  in  Section  3.1.3.  Thus,  of  the  five  inclusion  shapes  studied  here,  oblate 
and  prolate  inclusion  shapes  provide  less  resistance  to  the  longitudinal  shear  than  spherical 
inclusions. 

Figure  5(a)  gives  results  for  all  three  deformation  modes  (axisymmetric  loading,  trans¬ 
verse  shear  and  longitudinal  shear)  in  the  perfectly-plastic  limit  (n  — +  oo).  For  eadi  loading 
mode,  the  ratio  of  the  matrix  flow  stress  to  the  effective  flow  stress  (ro/(To)(i,  to/(to)p, 
to/(tc)„)  is  plotted  as  a  function  of  a,  with  a  fixed  inclusion  concentration  =  0.2.  For 
the  axisymmetric  deformation  mode,  prolate  spheroids  are  stiffer  than  oblate  spheroids  if  we 
compare  a  prolate  shape  with  aspect  ratio  a  with  the  oblate  shape  which  has  a  reciprocal 
aspect  ratio  1/a.  The  weakest  reinforcement  is  given  by  the  oblate  shape  with  a  w  0.64, 
which  is  even  less  effective  in  increasing  the  axisymmetric  strength  than  the  spherical  shape 
(a  =  1).  On  the  other  hand,  for  the  transverse  deformation  mode,  the  largest  reinforce¬ 
ment  is  given  by  the  oblate  shape  with  aspect  ratio  a  =  0.  As  a  increases  from  0  to  oo, 
the  strengthening  effect  decreeises  continuously.  In  the  limit  as  a  — >  oo,  the  strength  of 
the  composite  approaches  the  transverse  shearing  strength  of  fiber-reinforced  composites. 
The  reinforcement  provided  by  rigid  inclusions  to  the  longitudinal  shear  mode  is  (generally) 
weaker  than  that  for  the  other  two  deformation  modes.  As  a  — >  0,  the  inclusions  have  no 
reinforcing  effect  on  the  flow  strength  of  the  composite.  In  the  opposite  limit  as  a  — »  oo,  the 
longitudinal  shear  flow  strength  approaches  that  of  the  fiber-reinforced  materials.  It  is  noted 
that  the  strongest  reinforcement  for  this  deformation  mode  is  given  by  a  prolate  shape  with 
a  «  1.4. 

Thus,  for  composites  with  aligned  rigid  spheroidal  inclusions,  there  is  no  inclusion  shape 
which  provides  optimal  strengthening  for  all  of  the  three  independent  deformation  modes. 
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Needles  give  a  stronger  response  (strongest  overall)  for  one  mode  (axisymmetric  mode), 
whereas  disks  provide  significant  reinforcement  for  two  modes  (axisymmetric  mode  and  trans¬ 
verse  shear  mode).  Thus,  the  optimal  choice  of  particle  shape  in  a  given  application  depends 
on  the  particular  service  load  to  which  the  composite  will  be  subjected. 

Bao  et  al.  (1991)  have  carried  out  a  study  of  the  tensile  flow  stress  of  a  two-pheuic 
composite  with  periodic  microstructures  using  unit-cell,  finite-element  calculations.  While 
the  matrix  material,  inclusion  shape  and  loading  mode  utilized  by  these  authors  are  identical 
to  those  utilized  in  this  work,  the  distribution  of  inclusions  in  their  work  is  periodic.  With  this 
difference  in  mind,  we  compare  the  effect  of  spheroidal  inclusion  shape  on  the  axisymmetric 
tensile  flow  stress  of  composites  with  inclusion  concentration  =  0.1  (our  estimates  may 
be  obtained  from  Figure  5(b)).  For  rigid  spherical  inclusions  in  a  perfectly  plastic  matrix 
(n  — ►  oo),  the  effective  tensile  flow  stress  predicted  by  our  method  is  ao  /<^o  =  1.0695,  while 
the  corresponding  result  of  Bao  et  al.  (for  a  periodic  microstructure)  is  5o  /<^o  =  1  025  (from 
the  curves  in  Figure  6  of  their  paper).  For  an  aspect  ratio  a  =  0.1  (or  10),  the  tensile  flow 
stresses  shown  in  Figure  5(b)  is  (Tq  /<to  =  1.2  (or  1.742).  The  corresponding  result  of  Bao 
et  al.  is  ffQ  /(To  =  1.36  (or  1.62)  (from  the  curves  in  Figure  6  of  their  paper).  Thus  the 
predictions  of  both  methods  eu'e  in  qualitative  agreement  for  these  three  inclusion  shapes. 

Finally,  we  note,  for  completeness,  that  for  the  special  case  of  disk-reinforced  composites 
we  obtain  the  following  simple  expressions  for  the  effective  stress  normalization  factors  in 
the  three  different  modes: 


^0  _  j 

/  1  \ 

(38) 

(^o)d  ' 

(^1  +  16n2a®/9/ 
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/  1  \ 
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(To): 

We  observe  that  the  longitudinal  shear  stress  normalization  factor  (40)  is  unity  indicating 
that  the  longitudinal  shear  mode  is  not  affected  by  the  presence  of  thin  disk-Uke  inclusions. 
On  the  other  hand,  the  axisymmetric  and  transverse  shear  modes  (38  and  39)  eu'e  both 
sensitive  to  the  presence  of  thin  disks  through  the  parameter  7120^.  If  this  parameter  7120®  — ► 
00,  the  material  becomes  effectively  rigid  imder  these  two  modes  of  deformation,  as  expected. 
Corresponding  results  can  also  be  easily  written  down  for  needle-reinforced  composites. 

4.1.2  Effective  behavior  under  multiple-mode  loading 

An  interesting  difference  between  the  effective  behavior  of  linear  and  nonlinear  composite 
materials  is  depicted  in  Figures  6  and  7,  where  the  coupling  between  different  deformation 
modes  is  analyzed  for  the  nonlinear  composites.  As  is  well-known,  the  effective  response 
of  linear,  incompressible  fiber-reinforced  composites  with  transversely  isotropic  symmetry  is 
such  that  there  is  no  coupling  between  the  three  independent  modes  of  deformation  available 
for  such  materials  (see  (52)).  However,  this  is  not  the  case  for  nonlinear  materieds.  For 
example,  if  we  preload  a  nonlinear  composite  (matrix  with  ti  =  10  and  aligned  prolate 
spheroids  with  a  =  10  and  =  0.2)  with  axisymmetric  stresses  t^/to  =  0.1, 2.8  and  3.5, 
the  deformation  of  the  nonlinear  composite  is  correspondingly  characterized  by  strains  7^ 
as  given  by  (32)  with  (33).  If  we  now  increase  the  transverse  shear  stress  Tp,  we  observe 
(Figure  6)  a  significant  further  increase  in  the  axisymmetric  strain  7^.  By  comparison,  the 
corresponding  linear  composite  would  not  show  further  increase  of  the  axisymmetric  strain 
under  increasing  transverse  shear  stress  Tp.  This  example  clearly  illustrates  the  significant 
coupling  between  the  different  loading  modes  for  nonlinear  composites. 

Another  example  is  given  in  Figure  7,  which  shows  plots  the  axisymmetric  stress  rj  versus 


the  axisymmetric  shear  strain  7^  for  the  same  composite  discussed  above.  In  this  figure, 
however,  the  composite  has  been  preloaded  with  three  different  values  of  the  transverse 
shear  stress  (rp/ro  =  0.0, 1.0, 1.5).  We  observe  that  the  effect  of  the  transverse  shear  preload 
is  to  significeintly  reduce  the  axisymmetric  load  carrying  capability  of  the  composite. 


4.2  Composites  with  randomly  oriented  inclusions 

In  the  previous  section,  we  observed  that,  for  aligned  spheroidal  inclusions,  there  is 
no  aligned  rigid  spheroidal  inclusion  shape  which  proAddes  optimal  strengthening  for  all 
deformations.  In  this  section,  we  study  the  shape  effect  for  randomly  oriented  inclusions. 
By  substituting  the  general  power-law  material  description  (30)  into  the  effective  potential 
for  nonlinear  materials  reinforced  with  randomly  oriented  rigid  spheroids  (29),  this  effective 
stress  potential  may  be  written  in  the  form 


U{^)  = 


^0 

n  + 1 


(41) 


where  a-e(=  V^e)  is  the  effective  average  stress,  and  where  the  effective  stress  normalization 
factor  Oo  is  given  by 
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with  fJ'  given  in  turn  by  (56). 

Figures  8  show  plots  <to/  ^0  versus  inclusion  concentration  for  a  linear  (n  =  1)  and  a 
strongly  nonlinear  composites  (n  =  10)  with  randomly  oriented  rigid  spheroidal  inclusions. 
It  can  be  seen  that  prolate  spheroids  with  a  =  50  are  close  to  oblate  spheroids  with  a  =  0.01 
(the  prolate  spheroids  are  slightly  stiffer).  This  similarity  in  behavior  is  in  marked  contrast 
with  the  very  different  behaviors  displayed  by  aligned  prolate  and  oblate  spheroids  imder 
different  loading  modes.  Also,  while  the  spherical  inclusions  result  in  the  least  strengthening 
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for  a  given  concentration  in  these  isotropic  materials,  there  are  loeuling  modes  (see  Figure 
4)  for  which  spherical  inclusions  produce  stronger  effective  behavior  than  aligned  prolate  or 
oblate  spheroids  (at  a  given  concentration). 

A  study  on  the  tensile  flow  stress  of  a  composite  reinforced  by  rigid,  randomly  oriented, 
packet  morphologies  has  been  carried  out  by  Bao  et  al.  (1991)  using  finite  element  calcula¬ 
tions.  While  it  is  not  possible  to  make  direct  comparisons  of  our  results  with  theirs,  there 
are  qualitative  similarities  in  some  of  the  findings.  For  example,  we  find,  just  like  Bao  et 
al.,  that  the  inclusion  shape  with  a  =  10  provides  stronger  reinforcement  than  the  inclusion 
shape  with  a  =  0.1. 

It  is  interesting  to  examine  the  limits  as  a  — ♦  0  and  a  — »  oo,  with  a  fixed,  finite  in¬ 
clusion  concentration  From  (42),  we  obtain,  respectively,  the  following  effective  stress 
normalization  factors 


/  (py/"  /I51n(2a)y 
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We  observe  that,  in  both  of  these  limits,  the  stress  normalization  factor  becomes  un¬ 
bounded.  As  discussed  in  Section  3,  these  two  limits  correspond  to  rigid  fibers  and  rigid  flat 
layers,  respectively.  Thus,  in  these  limits,  it  is  clear  that  an  orientational  average  will  lead  to 
perfectly  rigid  behavior  for  the  composite.  A  more  sensible  approach  is  to  consider  the  limits 
as  a  — »  0  and  a  — »  oo,  with  fixed  density  of  the  inclusions  (722).  These  limits  correspond 
to  the  cases  of  randomly  oriented  disks  and  needles,  respectively.  Thus  the  effective  stress 
normalization  factor  for  the  case  of  thin  needles  (with  aspect  ratio  a)  is  given  by 
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and  the  corresponding  feictor  for  disks  is  given  by 


£0  ^ 

ag  V  9  +  16n2a^/ 


(46) 


We  note  that  infinitely  thin  needles  provide  no  reinforcement,  whereas  infinitely  thin  disks 
do  provide  some  finite  reinforcement  (depending  on  the  density  of  disks). 


5.  CONCLUSIONS 

In  this  paper,  we  have  studied  the  effective  constitutive  behavior  of  composites  made 
up  of  incompressible,  ductile  materials  reinforced  by  either  aligned,  or  randomly  oriented, 
rigid  spheroidal  inclusions.  The  method  of  solution  is  based  on  the  variational  principle 
of  Ponte  Castaneda(1991a)  for  nonlinear  inhomogeneous  media.  When  the  rigid  inclusions 
are  aligned,  the  resulting  composites  are  transversely  isotropic  (and  incompressible),  and 
characterized  by  three  independent  modes  of  deformation  -  axisymmetric  tension,  transverse 
shear  and  longitudinal  shear.  When  the  rigid  inclusions  are  randomly  oriented,  the  resulting 
composites  are  isotropic  (and  incompressible),  and  are  (approximately)  characterized  by  one 
deformation  mode  (e.g.,  tensile  loading). 

For  the  aligned-spheroid  composites,  the  axisymmetric  loading  mode  has  been  studied 
extensively  in  the  recent  past.  However,  the  transverse  shear  emd  longitudinsd  shear  modes 
of  deformation  for  these  composites  have  hardly  received  any  attention.  In  this  work,  we 
have  obtained  explicit  expressions  for  the  constitutive  response  of  these  composites  under 
^enem/ loading  conditions  (including  transverse  and  longitudinal  shear  loading),  and  for  fi¬ 
nite  (nondilute)  concentrations  of  the  inclusions.  In  addition,  simple  expressions  have  been 
obtained  for  the  special  cases  of  aligned  rigid  needles  and  disks.  The  results  show  that  the 


27 


optimal  choice  for  the  shape  of  the  particle  reinforcement,  within  this  class  of  composites, 
depends  strongly  on  the  service  load  to  which  the  composite  will  be  subjected.  We  also  note 
that  the  nonlinear  aligned-spheroid  composites  exhibit  strong  coupling  between  the  three 
possible  modes  of  deformation  for  these  comp<»ites.  By  comparison,  such  coupling  is  not 
present  for  the  corresponding  linear  composites.  For  composites  reinforced  by  randomly  ori¬ 
ented  spheroidal  inclusions,  we  find  that  both  the  prolate  and  oblate  spheroidal  inclusions 
provide  significant  reinforcement.  We  conclude  by  noting  that  more  complicated  microstruc¬ 
tures  that  the  ones  considered  in  this  work  may  eventually  lead  to  metal-matrix  composites 
with  superior  effective  properties.  We  hope  that  the  method  developed  in  this  work  will 
serve  as  a  useful  tool  in  the  optimal  design  of  such  microstructures. 
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APPENDIX  A:  LINEAR  COMPOSITES  WITH  RIGID  SPHEROIDAL  INCLUSIONS 


A.l  Composites  with  aligned  inclusions 

The  results  given  here  are  based  on  the  works  of  Hill  (1965),  Weilpole  (1966a, b,  1969)  and 
Willis  (1977)  (see  also  Willis  1982  and  Qiu  and  Weng  1990)  on  linear,  anisotropic  composite 
materials.  Consider  a  two-phase  composite  material,  as  depicted  in  Figure  1,  in  which  the 
spheroidal  inclusions  are  either  aligned  in  Xi  direction  or  randomly  oriented.  The  matrix 
and  the  stiffer  inclusion  materials  are  labeled  phase  1  and  2,  respectively.  Also,  the  volume 
fraction  of  phase  1  and  phase  2  are  denoted  by  and  (c^*^  +  =  !)•  In  the  following 

discussion,  fourth-order  symmetric  tensors  will  be  denoted  by  upper-case  italicized  Roman 
letters,  while  second  order  tensors  will  be  denoted  by  bold-face,  Greek  letters. 

The  mechanical  properties  of  each  phase  will  be  characterized  by  fourth-order  compliance 
tensors,  which,  using  Hill’s  convention,  may  be  written  in  the  form 

where  and  are  the  bulk  modulus  and  shear  modulus,  respectively,  of  the  rth-phase 
material. 

Then,  the  effective  compliance  tensor  Af  of  the  two-phase,  linear  composite  may  be 
expressed  in  the  form 

M=  E  Af ^  I  ,  (48) 

r=l  l»=l  J 

where  is  the  stress  concentration  factor  tensor  (Hill,  1965),  given  by 

=^I+  (m (/  -  S<°^)(Af (’■)  -  Af^°^)] ,  (49) 


34 


In  this  last  relation,  is  the  compliance  tensor  of  a  comparison  material,  /  is  the  foxirth- 
order  identity  tensor,  £md  5^°^  is  the  Eshelby’s  tensor  corresponding  to  a  matrix  made  of 
the  comparison  material.  For  a  transversely  isotropic  material,  5^°^  may  be  expressed,  in 
Walpole’s  notation,  as 

c(o) _ I  c'(®)  c(®)  ocW  9c(o)  qCO)  o(0)  \ 

o  —  \02222  +  “Jaaaaj  ^^1212^  ‘^2211^ 


where  the  relevant  components  are  given  explicitly  in  Appendix  B. 

In  order  to  obtain  the  required  upper  bound  for  the  effective  compliance  (a  lower  bound 
for  the  stiffness)  of  the  linear  composite,  the  compliance  of  the  comparison  material  in 
(48)  and  ()  must  be  chosen  to  be  the  less  stiff  phase  (i.e.,  Then,  after  some 

algebra,  (48)  may  be  rewritten  in  the  form 


where  is  the  Eshelby  tensor  with  phase-1  as  the  matrix  material.  Finally,  since  the 
inclusions  are  rigid  (i.e.,  — ♦  00,  and  — >  00,  so  that  =  (0,0)),  and  the  matrix 

material  is  incompressible  (i.e.,  qq),  the  transversely  isotropic  tensor,  M,  reduces  to 


where 


1 


2  Aid 


^(1)  c(2) 

^  1  -  c(0/(a)  ’ 

Aip  “  c<2)  +  2c(04J^  ’ 

^ 

/x„  <42)  -I-  2c(05iJl2 


(52) 


(53) 
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Here  /  is  a  function  of  the  inclusion  aspect  ratio  a,  and  is  given  in  Appendix  B.  Thus,  the 
effective  stress  potential  [/o  of  the  linear  composite  has  the  form  (see  Walpole  1969;  deBotton 
&  Ponte  Castaneda  1992) 

Uo  (^)  =  -XrTd  +  -ir-Tl  +  -4-^,  (54) 

2/id  2fij,  ^  2  fin 

where  Td,fp  and  t„  are  the  three  transversely  isotropic  invariants  of  the  applied  stress  ten¬ 
sor  W,  corresponding  to  the  three  independent  deformation  modes  for  an  incompressible, 
transversely  isotropic  material:  axisymmetric  stress,  transverse  shear  stress  and  longitudinal 
shear  stress,  respectively  (see  Appendix  B). 

A. 2  Composites  with  randomly  oriented  inclusions 

When  the  inclusions  in  the  composite  are  randomly  oriented,  the  expression  for  the  effec¬ 
tive  compliance  of  the  composite  (48)  must  be  replaced  by  (this  is  based  on  the  orientation 
average  of  strain  field,  as  in  Wu  (1966)  and  Walpole  (1966b)) 

M=  ^  (55) 

where  J  denotes  the  orientational  average  of  tensor  We  note  that  on  account  of  the 

incompressibility  and  isotropy  of  the  composite,  we  may  write  M=  { 0,  ] .  Some  compli- 

V  2fiJ 

cated  algebra  leads  to  the  following  result  for  the  effective  shear  modulus  of  the  composite, 
appropriately  normalized,  namely, 

^  ^  5c^^)(l  -  e,)(l  -  fs)  [3  -f-  2(g,  -I-  h,)  -  {2d,  +  c,)] 
u  +  hg)  -I-  BgCgfg  +  Cg{eg  +  /,)  -I-  Dg 


where 


Cg  —  I  —  {S2222  +  ^2^)1  d,  —  1  —  Siiii, 
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e,  —  1  —  2523^,  /»  —  1  ~  2512121 

9s  =  “‘S'ii22)  =  ■“'S'2211. 

^  =  10(^^hjs  -  2(5  -  3c(2))(e,  +  /,)  +  2(5  -  c^^)), 
B,  =  3(5  -  4c(2))  -  5c(*)(2rf,  +  c,), 

C,  =  (5  -  3c(2))(2d,  +  Cs)  -  3(5  -  2c(2)), 

D,  =  -(5  -  c(2))(2d,  +  cs)  +  15. 


(57) 


Then,  the  corresponding  potential  function  for  the  isotropic  composite  is 

Uo{ff)  =  AztI. 

2fi 


(58) 
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APPENDIX  B 


Letting  the  Xi  coordinate  axis  define  the  axis  of  transverse  isotropy  (see  Figure  1(c)),  the 
three  transversely  isotropic  invariants  of  the  stress  tensor  <r  are  given  by 


1  ri  1^ 

Td  =  2  *^22)  -  <^11  , 

■Tp  =  <^23  +  ^(<^33  -  <T22)^, 


—  ^2  ,  _2 
—  ^12  +  ^13- 

Correspondingly,  the  three  transversely  isotropic  invariants  of  the  stain  tensor  strain  are 
given  by 


7p  =  4  ^^23  +  ^(^33  —  £22)^1  > 

In  =  4(e?2  +  ei3)* 


Also,  for  a  spheroidal  inclusion,  aligned  with  the  xi  axis,  the  components  of  the  Eshelby’s 
tensor  are  (Eshelby,  1957) 


c(o)  _ 
*^1111  — 


_ i _ / 

2{1  - 1/(">)  \ 


—  1 


c(®)  _  cW  — 

Ooooo  —  Ooaqo  — 


1  -  - 


^2222  -  -3333  -  8(1  _  ^(0))  «2  _  1  ^  4(1  -  i/W)  4(a2  -  1)J 

S&,  =  A=  J)  -  1  -  2.^“"  +  Jj]  sj  , 

SSli  =  5S’..  =  -2(i_^(0))a2“_i  +  4(1 -,,(»))  ~  »’ 


c(o)  _  ci^) 

O1122  — 


= _ I _ /_1  +  2i/(®) _ —  +  fl  -  + - - - 1  q\  , 

2(1 -«/(«))!  ^  a2-l^f  ^  ^2(a2-l)J^J’ 
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o(0)  _  c(o)  _ 
O1212  —  *31313  — 


4(1 


J_/ 
-  \ 


1  -  - 


a^  +  i  1 

a2-i  2 


1  - 


3(a2  +  l)l  \ 


rr(0)  q(0) 

f.(0)  *32222  ”  *32233 

*32323  —  2  ’ 


where  1/^°^  is  the  Poisson’s  ratio  of  the  matrix  material,  a  —  b/a  is  the  aspect  ratio  of  the 
spheroidal  inclusion  in  Figure  1(c),  and  g  is  given  by 

[a(a^  -  1)*/^  -  cosh"^  a] ,  a  >  1,  prolate; 

oblate. 


5  (a2  _  1)3/2 

_  ^2)3/2  1  ' 


(1  -  a2)3/2 

Finally,  the  function  /(a)  in  equation  (53)  is  given  by 


(62) 


/(a)  = 


20^  +  1 


a2-l 

where  g  is  the  function  of  a  given  by  (62). 


^^(«)  - 1 


(63) 
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APPENDIX  C;  COMPARISON  WITH  AVAILABLE  DILUTE  RESULTS 

For  a  composite  comprised  of  an  incompressible,  pure  power-law  material  reinforced  by 
aligned,  rigid  spheroidal  inclusions,  we  have  seen  that  any  external  loading  state  may  be 
represented  in  terms  of  three  independent  loading  modes  (Section  4).  For  any  one  of  these 
loading  modes  (r  =  Td,fp  or  t„),  the  effective  nonlinear  energy  fimction  may  be  expressed 
in  the  form  (see,  for  example,  (34)  for  the  axisymmetric  mode,  r  =  Ta) 

U  (^)  =  F(c(2^;n,a)-^  )  ,  (64) 

n  -I- 1  \To/ 

'  ’here  the  function  F  reflects  the  reinforcing  effect  of  the  rigid  inclusions. 

For  dilute  concentrations  of  inclusions,  a  formal  expansion  in  the  concentration  leads 
to  the  relation 

F  «  1  -  c^^^gin,  a),  (65) 

where  5^  is  a  function  of  the  nonlinearity  n  and  inclusion  aspect  ratio  a.  Such  an  expansion  is 
valid  when  the  product  of  and  g  is  much  smaller  than  imity.  Since  it  can  be  shown  that 
the  function  g  becomes  unbounded  in  the  limits  as  a  aproaches  zero  or  infinity,  it  is  useful 
to  note  that  the  range  of  validity  (in  c^^^)  of  the  dilute  expansion  (65)  approaches  zero  as  a 
aproaches  zero  or  infinity.  This  is  in  agreement  with  our  previous  conunent  that  the  limit 
as  —*■  0  and  a  — ♦  0,  oo  is  singular  (see  Section  3.1.2).  One  must  also  be  careful  with  the 
limit  as  n  -+  00  in  the  above  expansion. 

Next  we  compare  our  analytical  estimates  for  F,  in  the  case  of  axisymmetric  loading, 
with  corresponding  dilute  numerical  results  of  He  (1990)  and  Lee  &  Mear  (1991a).  These 
nmnerical  results  are  based  on  the  computation  of  the  effective  energy  function  {/  of  a 
composite  made  of  one  inclusion  embedded  in  an  infinite  power-law  matrix  material. 
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Figure  9  shows  a  comparison,  for  a  strongly  nonlinear  composite  (n  =  10),  between  our 
analytical  estimates  of  F  (they  appears  as  curved  lines)  and  the  dilute  numerical  estimates 
of  F,  based  on  expansion  (65),  using  the  results  of  Lee  h  Mear  (1991a)  for  the  function 
g  (they  appear  as  straight  lines).  We  observe  that  our  results  initially  (for  small  c^^^)  lie 
slightly  below  the  dilute  estimates;  however,  the  two  curves  intersect  at  a  certain  critical 
value  of  after  which  the  two  curves  quickly  diverge.  The  following  observations  are  in 
order. 

The  intersection  point,  which  serves  as  a  measure  of  the  range  of  validity  of  the  dilute 
approximation,  occurs  for  smaller  and  smaller  values  of  as  the  eispect  ratio  of  the  inclu¬ 
sion  increases,  or  decreases,  from  unity.  This  is  in  agreement  with  the  discussion  following 
equation  (65). 

Although  the  initial  slopes  of  the  dilute  and  nondilute  curves  are  different,  and  this 
difference  becomes  larger  as  the  aspect  ratio  of  the  inclusions  increases,  or  decreases,  from 
unity,  we  observe  that  the  maximum  difference  between  the  actual  values  of  the  two  curves 
(before  they  intersect)  is  not  very  leirge.  Since  the  limit  as  >  0  and  a  — >  0,  oo  is 
singular,  it  makes  more  sense  to  compare  this  difference  in  the  actual  values  of  the  estimates 
for  the  function  F  (a  direct  measure  of  the  reinforcing  effect  of  the  inclusions),  and  not  the 
differences  in  the  slopes.  This  is  because,  although  the  difference  in  the  slopes  may  be  large, 
the  regions  over  which  the  dilute  approximation  holds  are  small.  This  leads  to  relatively 
small  differences  in  the  actual  values  of  the  functions.  In  Figure  10,  we  depict  plots  of 
this  maximum  relative  difference,  denoted  by  Arej,  as  functions  of  the  aspect  ratio  of  the 
inclusions  a,  for  the  dilute  results  of  both  He  (1990)  and  Lee  &  Mear  (1991a).  Thus  we 
find  that  for  values  of  a  between  0.1  and  10,  the  maximum  relative  difference  varies  roughly 
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between  10  and  20  percent.  For  values  of  a  outside  this  range,  this  type  of  comparison  is 
not  very  useful  because,  at  finite  inclusion  volume  fractions  the  inclusions  become  so 
long  (or  wide)  that  the  limits  of  continuous  reinforcement  are  approached  (fiber-reinforced 
£ind  laminated  composites).  Thus,  for  these  extreme  limits,  expressions  of  the  type  of  (22) 
and  (27),  for  fixed  density  (zero  volume  fraction)  of  thin  needles  and  disks,  respectively,  are 
more  appropriate. 

An  alternative  comparison  that  may  be  made  is  with  the  dilute  results  of  Duva  &  Storm 
(1989)  for  composites  reinforced  by  rigid  fibers.  In  this  case,  the  axisymmetric  mode  is 
rigid,  and  these  authors  considered  the  transverse  sheeir  mode  Tp  (pleme  strain  deformation 
perperdicular  to  the  fibers).  Thus,  they  were  able  to  compute  the  function  ff(n,  a)  appearing 
in  (65)  for  the  transverse  shear  mode  of  fiber-reinforced  composites.  The  corresponding 
relative  difference  Ard  between  their  numerical  results  and  our  analytical  results  (19)  for 
fibers  is  shown  in  Table  1,  as  a  function  of  the  nonlinearity  peu-ameter  n.  We  find  that  the 
maximum  difference,  occuring  for  n  =  10,  is  less  than  five  percent,  which  corresponds  to 
excellent  agreement  between  the  two  sets  of  results. 

In  summary,  we  find  relatively  good  agreement  between  our  analytical  results  and  avail¬ 
able  numerical  results  for  dilute  concentrations  of  inclusions,  provided  that  we  stay  away 
from  singular  limits  (such  as  the  limit  of  long  fibers  for  the  axisymmetric  mode),  in  which 
case  the  differences  can  become  large  (although  not  very  relevant,  physically).  The  strength 
of  our  results,  however,  lies  in  their  generality  and  relative  simplicity. 
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Table  1.  Maximum  relative  difference  between  our  analytical  results  and  the  dilute  numer¬ 
ical  results  of  Duva  k  Storm  (1989)  for  the  transverse  mode  in  fiber-reinforced  composites. 


n 

1 

2 

3 

4 

5 

6 

7 

8 

9 

10 

Arei 

0 

.0053 

.0154 

.0198 

.0268 

.0315 

.0357 

.0377 

.0414 

.0458 
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Figure  1.  Composite  materials  reinforced  by  spheroidal  inclusions,  (a)  A  composite  with 
aligned  spheroidal  inclusions;  (b)  a  composite  with  randomly  oriented  spheroidal  inclusions; 
(c)  a  description  of  prolate  and  oblate  spheroids. 

Figure  2.  The  effect  of  inclusion  shape  on  the  effective  linear  and  nonlinear  stress  normaliza¬ 
tion  factors  for  aligned-inclusion  composites  subjected  to  axisymmetric  loading.  Note  that, 
since  the  reinforcing  phase  is  rigid,  the  reciprocal  of  strength  l/(S’o)d  is  plotted  for  conve¬ 
nience.  (a)  Composites  with  a  linear  matrix  (n  =  1);  (b)  composites  with  a  nonlinear  matrix 
(n  =  10). 

Figure  3.  The  effect  of  inclusion  shape  on  the  effective  linear  and  nonlinear  stress  normal¬ 
ization  factors  for  aligned-inclusion  composites  subjected  to  transverse  shear  loading,  (a) 
Composites  with  a  linear  matrix  (n  =  1);  (b)  composites  with  a  nonlinear  matrix  (n  =  10). 

Figure  4.  The  effect  of  inclusion  shape  on  the  effective  linear  and  nonlinear  stress  normal¬ 
ization  factors  for  aligned-inclusion  comp<»ites  subjected  to  longitudinal  shear  loading,  (a) 
Composites  with  a  linear  matrix  (n  =  1);  (b)  composites  with  a  nonlinear  matrix  (n  =  10). 

Figure  5.  A  comparison  of  the  effective  flow  stresses  of  the  three  independent  loading  modes 
for  perfectly  plastic  composites  reinforced  by  aligned  spheroidal  inclusions:  (a)  effective 
flow  stresses  versus  aspect  ratio  (for  =  0.2);  (b)  effective  flow  stresses  versus  inclusion 
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concentration  (for  q  =  0.1, 1  and  10). 


Figure  6.  Plot  of  the  axisymmetric  str«un  7^  versus  the  transverse  sheeir  stress  Xp  for  an 
aligned-inclusion  composite  with  three  different  axisymmetric  preloadin^,  namely,  Xd/ro 
=  0.1, 2.8  and  3.5. 

Figure  7.  Plot  of  the  axisymmetric  strain  %  versus  the  axisynunetric  stress  Xd  an  aligned- 
inclusion  composite  with  three  different  transverse  shear  preloadings,  namely,  Xp/xo  =  0, 1.0 
and  1.5. 

Figure  8.  Plots  of  the  reciprocal  of  the  effective  stress  normalization  factors  for  composites 
reinforced  by  randomly  oriented  spheroidal  inclusions  versus  inclusion  concentration  (a) 
Composites  with  a  linear  matrix  (n  =  1);  (b)  composites  with  a  nonlinear  matrix  (n  =  10). 

Figure  9.  A  comparison  of  our  analytical  prediction  for  the  function  F  with  the  dilute 
calculations  of  Lee  &  Mear  (1991a).  The  later  results  appear  as  straight  lines;  the  former  as 
curved  lines. 

Figure  10.  Plots  of  the  largest  relative  difference  Arei  between  our  results  and  the  dilute 
results  of  He  (1990)  and  Lee  &  Mear  (1991a),  respectively,  versus  aspect  ratio  a. 
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a  general  heterogeneous  system,  different  boundary  conditions  lead  to  different  effective 
properties  for  the  system.  However,  it  is  assumed  on  physical  grounds  that,  when  the 
size  of  the  typical  heterogeneity  is  small  compared  to  the  size  of  the  specimen  under 
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